(1) Show that the Fourier transform of a real function, f(z)=f(z)*, is
conjugate symmetric: F(—k) = F(k)*. What else follows about F(k)
if, additionally, (a) f(-z)="f(x); and (b) f(-z)= —f(z)?

Defining the Fourier transform as

F(k) = /Oof(z) ek dr  — (1)
where i’ = —1 -
F(-k) = /Oof(x) e*dzr  —(2)
_ 7{1‘(95)* '“‘mrdx _ 7f(x)* e 4 * dr = da*
Hence, F(—k)= F(K)* if f(z) = f(x)".
(a) Substituting z = —y ineqn (2) dz = —dy
F(-k) = 7f(y) eMdy  —(3)

If f(~y)="f(y), therefore, F(—k) = F(k). Hence, the Fourier transform of a real
and symmetric function is also real and even: F(k) = F(-k) = F(k)*.

(b) From egn(3), F(-k) = —F(k) if f(-y) = —f(y). Hence, the Fourier
transform of a real and antisymmetric function is purely imaginary and odd:
—F(k) = F(=k) = F(k)*.
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(2) Prove that the Fourier transform of the convolution of two functions

oo

flz) = gla) @ h(a) = [ glu) ho—u) du

—00

is proportional to the product of their Fourier transforms, G(k) x H(k).

F(k) = /f(lﬂ) e'ikm de = /[g(x)@ h(x)] e—ik:z: dz
= / /g(u) h(z—u) ™ du dz
= [ [ewna-wertara
But
—r—u =00 y=00 -
dy — dx /h(x—u) e'ikx dx = /h(y) e-ik(u+y) dy — e-iku/h(y) e_‘lky dy
Tr=—00 y=—o00 e
—
H(k)
F(k) = H(k) /g(u) e kU gy = G(k) x H(k)

The proportionality mentioned in the question is actually an equality for the def-
inition of the Fourier transform used here; other conventions involve factors of
27. The reciprocity between a Fourier transform and its inverse means that

/[g(x) x h(z)] e dz = ;L [ G(u) H(k—u) du o G(k)@H(k)
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