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Answers to Exercises: Part A

Chapter 1

Exercise 1.1

A radiofrequency pulse is applied to a sample of isolated spin-2 nuclei in thermal equilibrium with spin state
populations n, (lower level) and n, (upper level). How will these populations be changed if the pulse flip

angle 8 is: (a) 90°, (b) 180°, and (c) 45°?

Let n°* and nf,q be the equilibrium populations prior to the pulse. M, (the zcomponent of the magnetization)

is always proportional to the population difference. The value of M, after the pulse (flip angle 3 ) is
proportional to cosS (Fig. 1.2).

Therefore the population difference after the pulse is:
n,—n, = n*—n3F cosf.

The total number of spins is, of course, unchanged by the pulse:
n,+n; = nt4n3.

Solving these two equations gives:

n, =3in 1+cos@ + in3' 1—cosp
n, = 3n3' 1—cosf + 3n3' 1+cosf .
Therefore:
(a) $=90°% cos3=0: n, =n, =3 n’+n3  (populations equalized).
(b) [$=180° cosf=—1: n,=n3'; n,=n;" (populations exchanged).
(©) B=45° cosf=-: n,=0.854n"+0.146n%"; n,=0.146n;" +0.854n%".

=

Exercise 1.2

The z magnetization of a sample of isolated nuclear spins recovers after a 90° pulse according to
M, =M,|1—exp —t /T, ] How many multiples of T, is it necessary to wait for M, (t) to recover to within 1%

of its equilibrium value?

M,/M, =099 =1—exp —t/T, = exp —t/T, =0.01 = t=T,In100=4.61T,.
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Exercise 1.3

Write an equation for the recovery of M, (t) after a 180° pulse. At what time does M, (t) change sign from

negative to positive?

The required expression is:
M,(t) = My[1—2exp —t /T, |

where M, is the equilibrium magnetization. This clearly has the correct properties: (a) as t — o0, M, — M, ;
(b) at t =0, M, =—M,; (c) exponential relaxation.

M,(t)=0 when exp —t /T, =0.5 = t=T,In2=0.693T,.

Exercise 1.4

Ina 90, —7—180, —7— spin echo experiment on a heteronuclear two-spin system (I and S), with pulses applied
only to spin |, the magnetization of spin | is refocused along the —y axis. What happens when the phase of the

180° pulse is x instead of y,i.e. 90, —7—180, —7—?

Suppose that at the end of the first delay the magnetization vector in Fig. 1.6 makes an angle { with respect to
the —y axis. After a 180° y pulse, this angle becomes —( . During the second delay, M accumulates an

additional phase angle of ( sothatat 27 the final phaseis 0°,i.e. M lies on the —y axis.

If, instead, the 180° rotation is around the x axis, it changes the phase angle from ( to 180° —(. Then,

during the second delay, the additional precession (through angle ( ) leaves M with a phase angle of 1807, i.e.
on the +y axis.

Exercise 1.5

Ina 90, —7—180, —7— spin echo experiment on a homonuclear two-spin system with a J-coupling of 10 Hz,

what delay r is needed to get a phase difference of = radians between the two components of the | spin (or S

spin) doublet at time 27 ?

The angle between the magnetization vectors at time 27 is 27J X 27 =4mwJ7T (page 8). This equals = when
7=1/(4J)=25ms.
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Chapter 2

Exercise 2.1

Verify that Eqns 2.1 and 2.2 are consistent with Eqns 2.3 and 2.4.

Substituting Eqn 2.1 into Eqn 2.2 gives:

Sw = f%exp iQt exp —t /T, exp —iwt dt
0
_ fxexp{— iw—iQ+1/T, t|dt
0

oC

—exp|— iw—iQ+1/T, t|

/T, +iw—0 i
. 1
T, +iw-0
= 1 X 1/T—iAw where Aw=w-—-0
1/T,+iAw| (1/T, —iAw
1/T, —iAw
1T, 4 Aw’

= A Aw —iD Aw  (usingEqgn.2.4).

Exercise 2.2

Verify that the full width (in Hz) at half maximum height of the absorption lineshape A Aw inEqgn2.4is

1/7T,.

The absorption lineshape is:

1/T, *+ Aw
The full height of the line at its centre (where Aw=w—-Q=0)is A0 =T,.

The line has half this height when A Aw =1T,,i.e. when Aw=+1/T,.

The full width at half maximum height is therefore 2/T, (in rad s or 1/7T, inHz .
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Exercise 2.3

Plot A Aw and D Aw (Egn 2.4) to show that D Aw has a lot more intensity in its wings than does

A Aw .Take T, =1sand —20 < Aw < 420 rads .

A Aw :blue. D Aw : red.

Exercise 2.4

Determine the appearance of the spectrum corresponding to the model free induction decay:

exp i€Q),t +iexp i€t }exp —t/T, .

Substituting

st = e el /R
into Eqn 2.2 gives (by analogy with Eqns 2.1 and 2.3)

Sw =[Aw-0Q, —iDw—0, | +iAw-0 —iDw-0 |.
Collecting the real and imaginary parts gives:

Sw =[Aw-0Q, 4D w—Q | +i[-Dw—-0Q, +Aw-0 ]

i.e. thereal part of S w comprises an absorption line centred at w=(2, and a dispersion line centred at

w=().

Exercise 2.5

Determine the appearance of the spectra corresponding to the model free induction decays: (a)

cos Jt exp IOt exp —t/T, and (b) cos® mJt exp iOt exp —t/T, .

(a) Since

—imt

+imlt +le

cos mit = le

N =

we can write:
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it _—t/T

PO+t — iQ—nJt_—
st = cos it e L et/TZJr%e' et

By analogy with Eqns 2.1 and 2.3:
RelSw|=1Aw—Q+m +1Aw— Q-7

which corresponds to two lines of intensity 1 centred at frequencies (24-7J. That is, a doublet centred at
with splitting 27J.
(b) Similarly,

e+2i7rJt —2imlt

cos’ mit = i+icos 2mit =1+1 +1ie
so that

st = cos® mit ee /= %e””m fe +%emte7t/ e +%e”Hm e t/h
Again by analogy with Eqns 2.1 and 2.3:

ReS w | =1Aw—Q+2m) +1Aw—-Q +21A w—Q-27J

which corresponds to two lines of intensity  centred at frequencies {2427/ and a line of intensity ; centred

at frequency . That is, a triplet centred at 2 with splitting 27J .

Exercise 2.6

This Exercise is intended to verify that phase-correction works as depicted in Fig. 2.2. Consider a free induction

decay of the general forms t =exp it exp ip exp —t/T, .Show that the spectrum Rcos¢+-Ising is an

absorption lineshape. R and | are the real and imaginary parts of the Fourier transform of s t .

Using Eqns 2.1 and 2.3, the Fourier transform of

st — e%fet/h

Sw =€ A-iD
= cos¢+ising A—iD
= Acos¢p+Dsing + i Asing —Dcos¢

where A=A Aw and D=D Aw .

Thus:
R = Re[S w ] = Acos¢p+Dsing and
| = Im[S w} = Asing—Dcos¢ .

Therefore:
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Rcos¢p+1Ising = Acos¢p+Dsing cos¢p+ Asing —Dcos¢ sing
= Acos® ¢+ Dsingcos ¢ + Asin® ¢ —Dsingcos ¢
= A cos’¢+sin’ ¢
=A

Exercise 2.7

Show that phase-modulated two-dimensional signals of the general form

s t,t, =exp iQdt, exp —t, /T, exp iQdt, exp —t, /T, allow quadrature detection in both dimensions but do

not give pure absorptive lineshapes.

Using Eqns 2.1 and 2.3, the two-dimensional Fourier transform of

it o tu/B g0t ot/

st,t, =e e

SRk = [l —io][a D] = A'A; —D/D; —iAD; —iD/A;
where A =A F,—Q; and D/ =D F,—%; , j=1,2.

J J

The real part of this spectrum
Re[S F,F, | = AlA] —D/D;

is a phase twist lineshape centred at F,F, = +€2,,+(), . See section 2.4.

Exercise 2.8

A common error in many real spectrometers is that analogue-to-digital converters are not perfectly balanced.
As a consequence, their outputs often contain a constant offset in addition to the free induction signal. What

effect will this have on the NMR spectrum obtained by Fourier transformation?

i0t_—t/T,

A constant offset can be regarded as a damped oscillation of the form e e with zero frequency (2=0)

and infinite decay time (T, — oo, e /m 1 ). The Fourier transform will therefore be an infinitely narrow
'spike' at w=10. In general, there will be a constant offset in both detectors so that the spike can have any
phase.

More rigorously, suppose that the free induction decay has the form
st =% 4q (t>0),

where the offset, a, is a real constant. Fourier transformation, using Eqn 2.2, gives:
Sw =Aw—Q —iD w—O +amd w —ia/w

where § w is the Dirac delta function.
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Thus the effect of the offset is indeed to give a zero-frequency 'spike' at w =0 in the real part of the spectrum.

Exercise 2.9

A second common problem with quadrature detection is that the two detection channels have slightly different
sensitivities so that, for example, the same signal would give a slightly bigger output in the real channel than in

the imaginary channel. What effect will this have on the NMR spectrum?

Suppose that the free induction decay has the form
st = [ 1+b cothJrisith}e’t/T2 (t>0)

where b is a real constant.

This rearranges to:

st = e L pcosOte

0 — b| ; S _
— U t/h +[E] et | g i ot/h

Il

1+2 e t/m 4 2 o e t/h
2 2
Fourier transformation using Eqn 2.2 gives
b . b .
Sw =142 Aw-Q —iDw—Q] + > [Aw+Q —iDw+Q],
the real part of which is
Re{S w ] = [l—i—g]A w—Q + [g]A w+Q .

Thus the spectrum comprises a line of intensity 14+b/2 at the correct frequency (w=%) and a 'quadrature

image' of intensity b/2 atthe mirror image frequency (w=-—).
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Chapter 3

Exercise 3.1

Show that the pulse sequence 90, —7—90°  has the following result: |, —— 1, cosQ)7 41, sinQ)7 . A sample
comprises a dilute solute in an otherwise pure solvent; the solute and solvent each give an NMR singlet. How
might this pulse sequence be used to obtain a spectrum of the solute free from the obscuring presence of the

solvent line?

|90
z y

Al —1,c0sQ7 + 1, sinQ7 .

—=% | cosQT 41, sinQT

If we choose w,; such that 2 =0 and 7 such that () = /2, then the result of the pulse sequence

solvent solute”

will be

solvent: /, and solute: / .

Thus, there will be no observable signal for the solvent. The signal for the solute will be the same as would have
been obtained with a single 90°ly pulse. This pulse sequence is known as 'Jump and Return'. See P. Plateau and

M. Guéron, J. Amer. Chem. Soc. 104 (1982) 7310-7311.

Exercise 3.2

Determine the effect of the "composite pulse" 90°, —6,—90; on the initial states: (a) /,, (b) /, and (c) /,. What

geometric operation does this composite pulse perform?

| =L
X X

(a) O, I cosf —1 sind

0%y cosf +1,sind.

PRl
y T _lz
(b) LN —1,cosf—1 sinf

0%, I,cos —1 sinf.

I —90°), I

(€) O I

90°1, I,

The net effect of this composite "z-pulse"” is a rotation through an angle ¢ around the z axis. See M. H. Levitt
and R. Freeman, J. Magn. Reson. 33 (1979) 473-476.
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Exercise 3.3

The evolution of the one-spin operators described in Eqns 3.3 and 3.4 and in Figure 3.2 can also be summarised

in a 3x3 table. Using the three initial states (/,, /,and /,) to label the rows and the operators corresponding to

the three basic transformations (/,, Iy and /) to label the columns, enter into the table the result towards

which each operator evolves. For example, |, LIV cos3+1 sinf (Eqn 3.3) so that the entry in the l,-row

and / -column would be |/, . If an operator does not evolve then enter 0 for the corresponding element of the

table.

transformation

X y z
I 0 -1, l,
initial
| —I
state y ? 0 x
I, -, I, 0

Exercise 3.4

Repeat Exercise 3.3 for two-spin operators by forming a table for the 11 initial states (/,, S, ,2/,S,,21S,,

z%q’

q=2x,y,z) evolving under the 7 basic transformations (/,, S, ,2/,S

zvz7

g=x,y,z) considered in this chapter.

transformation
/ / ] S S S 21.S

X y z X y z zvz
I, 0 —I, I, 0 0 0 21,5,
ly l 0 I, 0 0 0 —21.8,
l, —1, I, 0 0 0 0 0
Sx 0 0 0 0 -S, S, 21,5,
S, 0 0 0 S, 0 -S, —21S,
A B O N B R
20,S, | -2, 21.S, 0 0 —2LS, 21,5, S,
21,5, | =28, 21,8, 0 218, 0 —218, -,
21,s, | —21,S, 21,8, 0 —21,S, 218, 0 0
21,8, 0 —2LS, 21,5, —21,S, 21.S, 0 l,
21,8, 21.S, 0 —21.S, -21,S, 21,8, 0 —I,
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Exercise 3.5

315+,

Consider the coherence transfer operation: 2/ S, —21,S, . Determine the flip angle 3 and phase

¢=++x,+y,—xor—y of the pulse.

I, has been rotated to £/, and S, has been rotated to S, . Therefore the phase of the pulse must be
¢ =Ty and the flip angle must be 5=90°:

F90°4, FOS, o6

ZTX

21,8,

X

+215,

Exercise 3.6

Assuming that spectra are phased such that |, corresponds to absorption-mode lineshapes, sketch the spectra
that correspond to the following two-spin product operators: (a) /,, (b) I, (c) 21,S,, (d) 21.S,, (e) 3 I, +2LS, ,

(f) 11,218, .

oy b L

Exercise 3.7

Section 3.4 analyses the effect of a spin echo pulse sequence on a homonuclear two-spin system. Repeat this

analysis using )7 =7 /4 from the outset.

Let c=cos7; s=sin{)7. Note that cosmJT =sinmJT =- when mIT =7 /4.

il

I 90°1, -,

Q
BILL SN —lc+ls

/4 21,S, 1 1
— = =g h=2AS gl +2S5, s
180° 1, +s,
—% 1,—21S, c—% I, +21S, s
YN —ghe—lsctp2aASctasSsc—5letlss—5 2,Sc-2S5s s
= 1) s 4L — 4 2468 4L —
=gl —¢ =5 +5l sc—sc +52.,S, ¢+ +52l,5, sc—sc
= -5, +F2s,

7/4 21,5,

—10 2S5, +i2S 4+l =218,
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Similarly, S, — 21§, sothat I, +S, — 2/.5, +21.S,.

Exercise 3.8

Calculate the effect of the spin-echo sequence 7—180, — 7 on 2/.S, in a homonuclear two-spin system.
Hence determine the effect of the double spin echo sequence 90, — 7 —180, —27—180, — 7 on the initial

state /,. Use previous results to simplify your calculations as much as possible.

We need to determine the effect of 7—180) — 7 on the two termsin Eqn 3.19: 2/.S, and —/,.

First, the effect of 7—180, — 7 on 21 S, . The offset terms will be refocused by the echo sequence and so can

be omitted. Using the abbreviations, c=cos7J7 and s=sin7J7 :

X~z

21,5, 2B 20, S 41,5

180° 1, +S,

21 S,c s

TS, 9l S,c+ls e+ [,c—2,S,s s
=218, ¢?—s> +I, 2sc

=215, cos2m)T +1,sin2mJT.

The effect of the single echo sequence on |, is given on page 25:

S0k T—180°—+

—l, cos2m)T 421, S, sin2mJT
the second half of which gives the effect of 7—180, — 7 on —/,.

So, putting everything together, we get:

—I,cos2miT +21,S,sin2nJT —— —I,cos2miT +21,S,sin2wJT cos2nwIT + 21,S,cos27mIT +1, Sin2mIT sin2m)T

= —Iy cos® 27T —sin® 2T +21,S, 2sin2mJTcos2n)T

= —l,cos4n)T +21,S,sin4mJT.
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Chapter 4

Exercise 4.1

Consider the INEPT pulse sequence in Fig. 4.1 applied to a two-spin system (I and S). Show that insertion of the

pulse sequence element 7—180°/,180°S,—7 immediately before the free induction decay, where  has the

same value as in the first part of the sequence, results in an enhanced in-phase spectrum of spin S.

Immediately after the final two pulses, with 7=1/4J, we have:
a2l,S,+bS, (Eqn4.3).
The 7—180"/,,180°S,—7 sequence does the following:

a21,5,+bs, — 2% & g21,5, —aS, +bS,—b2L,S,

180°1,,180°S,
o T
&

25, g5 —b2LS,.

—a2l,S, +as, +bS, —b21S,

Note that chemical shifts have been omitted because they are refocused. Also, we have used mJs7=m/4 so

that cosm)gT =sinTJg7 = 1/2.

Thus the enhanced S-spin doublet is indeed in-phase ( as, ).

Exercise 4.2

Calculate the product operators arising from an INEPT sequence applied to a CH, group and draw the resulting

enhanced spectrum. Would phase cycling work in the same way here as it does for a CH group?

allz +al21 +b$y /4 211,S, w/a 21,5, % —a/1y +02/1XSZ _alzy +02I2x51 —&—bSZ
180°1,,180°S
———— § —al,, +a2l,S,—al, +0a2l,S,—bS,
/4 211,S, /4 2h,,S, 02/1 S +02/2 S _psS

90, 90,

—a2l,S,—a2l,,S, —bS,

1272z 2z%z

05 21,5, +a2l,,S, +bS,

1z%y 2z%y
which should be compared with Eqns 4.2 and 4.3.

This is the same as Eqn 4.3 with a2/,S, replaced by a2/,,S,+a2l,,S, . The spectrum comprises an antiphase

triplet, amplitude a, superimposed on an in-phase triplet, amplitude b:
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a(2l,.S, +21,.S,) bS

An antiphase triplet can also be seen in Fig. 4.6(b). INEPT on a CH; group is substantially simpler than DEPT on a

CH, group because at no stage during INEPT are S, or S, operators produced.

The phase cycling involves replacing the final 90‘;, pulse on the | spins by a 90‘iy pulse. When this change is

made, the last two lines of the above derivation become

—90°/. —90° /.
a2l S, +a2l, S, —bS, L % a2, S, +a2l, S, —bS,
5, _q21, S, —a2l,,S, +bs,

i.e. the enhanced terms change sign and the unenhanced term does not. This is exactly the same result as for a

CH group.

Exercise 4.3

Repeat Exercise 4.2 for a CH;3 group.

Comparing Exercise 4.2 with section 4.2, it should be clear that the end result for a CHs group should be:

al,, +al,, +al,, +bS, — +a2l, S, +a2l, S, +a2l,,S, +bS,.

12~y 2z%y 3z%y

The spectrum comprises an antiphase quartet, amplitude a, superimposed on an in-phase quartet,

amplitude b:

a(21,S, + 21,,S, + 21,,S) bS,
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Exercise 4.4

Would the INEPT pulse sequence in Fig. 4.1 still work if: (a) both 180, pulses were replaced by 180; pulses?

(b) the final 90°S, pulse were replaced by a 90°S, pulse? (c) the final 90°/, pulse were replaced by a 90°/,

pulse?

(a) The final stage of the INEPT sequence, as shown in Fig. 4.1, is (Eqn 4.3):

90°l,

a2l,S, —bs, —a2l,S,—bS, —> 21§ +bS, .

Shifting the phase of the 180° pulses simply changes the sign of the first term on the left hand side so that the

outcome is:
—a2l,S,+bsS, .
The sequence still works.
(b) Starting with the left hand side of Eqn 4.3,
a2l S, —bs, .
It can be seen that changing the final 90°S, pulse to 90°S, just shifts the phase of both terms:

a2lS, —bS, —2% g2l S —bS, —2

Y —a2l,S,—bS, .

The sequence still works.

(c) Again, starting with the left hand side of Eqn 4.3, it can be seen that changing the final 90°/, pulse to 90°/,

produces the following result:

a21,S, —bS, —22h . 21 S —bs,

05, _q21 s, +bS,

=-aDQ, +azQ, +b5y.

The sequence no longer works. The spectrum contains only the unenhanced S spin doublet.

Exercise 4.5

Prove the results given in Eqn. 4.6.

Using the abbreviations ¢, =cos{}t , 5, =sin{}t, ¢, =cos{t, s; =sinf)t, Eqn 3.4 gives
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I, = | cosQt+1,sinQt = 1,¢,+1,5
J, —es | cosQt—1,sint = 16—l

S, —H5 s 5 cosOt+5, 5Nt = S, +5,5,

Qs ; _
S, —%— §,cos{)t—S, sin{)t = S ¢, —S.s;.

Therefore:
21,5, M5 Lo cpls S, +S,s,
=2[5,cc,+21,S,¢s,+21,S s5¢,+21S 55
Qtl, Ot S,
21S, ——==—21c-1s S,.c—Ss5;
=21,Scc,—21,S,¢s,—21,S,5¢,+21.S,55;.
And so:

DQ, =1(21,5, 21,5 Ot 1,404t S,

321.S, cco—ss; +321S, ¢ss+sc +321,S, s¢+css +321,S, 55, —ccq
=325, -2S, cc—ssg +32,S,+21S,  css+Ssc
= DQ, cos| £+ t]+Dstin[ Q40 t|.

The proof of the ZQ, bit of Eqn 4.6 proceeds in an exactly similar manner.

Exercise 4.6

What detectable signal results from 21,5, B, ? Sketch the form of the spectrum. What flip angle gives

the maximum detectable signal?

25, Lt o cosB—I,sin3 S,cos3—S,sinG
=21,S,cos* 3—21,5,cos Bsin3—21 S,sinBcos 3+21,S, sin’ 3
=21,5,cos’ 3— 21,5,+21,S, sin3cos 3+ ZQ —DQ, sin’

The detectable signal is — 21,5, +2/ S, sincos 3, i.e. antiphase doublets for both spins. The maximum signal

occurs when 5=45".If 3=90", there is ZQ and DQ coherence but no detectable signal.

21,8 2LS,

y y=z
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Exercise 4.7.

Oxford University Press

Four new one-spin product operators can be defined by /. =/, +il, and S, =S +iS,. Write 3(2/.S, £21,S )

interms of /. and S, and interpret the results.

Rearrangement of the equations for /. and S, gives:

showing that I, and S, are single quantum product operators. These expressions can be used to rewrite DQ,

and ZQ,:

L+l S48 -l S-S

DQ,=1(21,5,—21S) = 1|2 > o - =
= %[ IS, +1.S +1 S, +1S + 1,5 —1.S —1S +IS
=115 +IS ;

I,+1 S, +S I, —1 S —S
7Q,=3(215,+21,5,) = |2 *2 = *2 — 42 *zf *2_ =
| |

= G s 1S, 415 ), 1S 1S, +1.S. ]

EELCRUEND

showing that the single quantum operators can be combined to obtain multiple quantum product operators.

Exercise 4.8.

Show that the rules for combining DEPT spectra stated after Eqn. 4.20 are correct.

A B C
B=45° B=90° B=135"
CH ing ! 1 !
sin —= —
2 2
. 1 1
CH sinpcos = 0 -
2 Beosf . 5
, 1 1
CHs sin3cos” 3 T~ 0 —=

Clearly B has only CH signals.

For the CH, signals:
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1 1 1 1 1 1
A-C= [—xCH + =xCH, + —><CH3] — [—XCH — =XCH, + —><CH3] = CH,.
2 2 2 22

& & &

And for the CH; signals:

V2 A+c —28 = [ixcH + Teen, + ixCHg] + [ixCH ~leew, + ixCHa]—zs
2 2 NP 2 2 22
1
= 2|2 xCH + TXCHa — 2XCH = CH,.
2

Exercise 4.9.

What would happen to a quaternary carbon in a DEPT experiment?

When there are no coupled protons, DEPT simply acts as a 90, —7—180, —7 spin echo sequence.
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Chapter 5

Exercise 5.1

Performing the COSY experiment with two 90; pulses as in Fig. 5.1 yields diagonal peak signals that are sine
modulated as a function of t, and cross-peak signals that are cosine modulated (see Eqn 5.2). Show that
changing the first pulse to 90, results in diagonal peak signals that are cosine modulated as a function of ¢,

and cross-peak signals that are sine modulated. (Note that the signals from these two experiments can be used

as the inputs to a hypercomplex Fourier transformation, as described in Section 2.4.)

We can repeat the calculation in Eqn 5.1 but with an initial 90) pulse. Immediately after the second pulse we

have:

90° Iy +5y Oty 1,4+t S, Tty 21,5,

+1,cos{)t, cos mht, +21,S,cos(t, sin m)t,

+1,sin§)t, cos wht, —21.S,sin{t; sin m)t,
90° Iy+Sy :
+1, cos€ht, cos mit, —21,S, cos(t, sin 7t

+1,sinQt, cos @gt, P21, sinQt, sin @st, D

Now only the first two terms are observable. If we expand the amplitudes of / and 21,5, above using

trigonometric relations we find:

[ cosQt, cos mict, —21,S, cos(t, sin mt,

cos Q+m)gt, +cos Q—mt, ]

-/ 1
7’)(2

z%y 2

~21,5,4[sin O+ t, —sin Q- t, |

The term corresponding to the diagonal peak (/, ) is cosine modulated as a function of t, , whereas the cross-

peak term (2/25y ) is sine modulated as a function of t, .

Exercise 5.2

Eqn 5.3 shows 8 product operators present at the start of the t, (acquisition) period of a COSY experiment

performed on a three-spin ISR system. Write down the 16 product operators you would expect to find at the

start of the t, period of a COSY experiment performed on a four-spin ISQR system. (There is no need to give

the signs, associated modulations, or to perform the complete product operator calculation.)
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With the COSY experiment shown in Fig. 5.1, the 16 product operators would be: / , ZIXSy s 1 2/ZSy , ZIXRy,
aI,SR,, 21R,, 4.SR,, 2.Q,, 21,Q,, 41,5Q |#/X.S?y()y, 4RrRQ,6 4RQ, 8,5RQ, 8.5RQ,.

2Ty y ! T2y xTyy? 2Ty "y ! iy "y ! Xy "y xTyy Ty

Note that the first 8 of these 16 are the same as those found on the right-hand side of Eqn 5.3.

Exercise 5.3

A cosine modulated signal is obtained as a function of t, for the HMQC pulse sequence in Fig. 5.10 (see Eqn

5.21). How might the pulse sequence be modified to obtain a sine modulated signal?

A sine modulated signal as a function of t; can be obtained by replacing the first 90, pulse on spin S in Fig.

5.10 with a 90; pulse. In this case, Eqn 5.18 becomes:

=2/,S,cosQT+21,S,sinT
&ZIXSX cosQT+21,S, sin7.

And then we can continue with the rest of the product operator analysis of the sequence:

8% .21 S, cosQr 21 S, sin )T

ERL DN 21,5, cos{)Tcos(t, 21,5, cos{A7sin(Lt,
—21,S, sinQcosht, —21,S sinQTsin€t,

591 S, cosQTsin€Yt, —21,S, sinQTsin€t,

Note that we have only retained observable terms in the final line above and that these are now sine

modulated signal as a function of ¢, .

Tl 91 S, cos?Oyr sif)t, 421, S, cosQrsinQyr sirf)t,
—21,5, cosQrsinQ7sin€t, +21,S, sin* Q7 i)t
=215, sin{)t,
Mﬁy sin€Lt,.
As with the COSY experiment in Exercise 5.1, the signals from the cosine and sine modulated HMQC

experiments can be used as the inputs to a hypercomplex Fourier transformation, as described in Section 2.4.
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Exercise 5.4

The HMQC experiment is normally performed to correlate | and S spins through their one-bond J-couplings, Yis.
The Heteronuclear Multiple-Bond Correlation (HMBC) experiment is a version of HMQC that allows correlation
through multiple-bond J-couplings: 21.5, 31|5, 41.5, etc. Suggest the most simple modification of HMQC that

allows such correlations to be observed.

Multiple-bond J;s couplings are invariably much smaller than one-bond J;s couplings, with 10 Hz a typical rough
estimate for 2J|5, 31.5, 4J|5, etc., with I = '"Hand S ="Cor ®N. Therefore, the simplest modification of the HMQC
sequence to allow correlations through multiple-bond heteronuclear couplings (HMBC) is to lengthen the first

7 delay in Fig. 5.10 to 1/(2x"J;s), with "Jis = 10 Hz.

What about the second 7 delay? It is tempting to lengthen this to 1/(2x"J;s) too. However, we need to
remember that homonuclear J-couplings, J,, will be present between the | = 'H spins and that these could be
safely ignored in Eqns 5.17 — 5.21 (and in Exercise 5.3) because "J << 'Jis. But "J, = "Jjs, the homonuclear J-
couplings will evolve to a significant extent during the extended 7 delays, and there is no mechanism in the
pulse sequence in Fig. 5.10 for refocusing of these couplings. As a result, it would be impossible to phase the
resulting spectrum in the F, (I = 'H) dimension. The pragmatic (but somewhat crude) solution to this problem
normally adopted is to omit the second 7 delay completely and hence, because the spin | signals are then
antiphase with respect to the S spins at the start of the acquisition period, to also omit any decoupling of the S

spins; no attempt is made to phase the spectrum and it is presented in magnitude mode.

Exercise 5.5

In the early years of two-dimensional NMR, heteronuclear correlation experiments were usually carried out by
having ‘H magnetization evolve during the t, period and detecting the B¢ or N signal directly in the t,
period. However, this approach is much less sensitive than that used in the so-called inverse experiments
HMQC and HSQC and has fallen out of favour. Despite this overwhelming sensitivity disadvantage, suggest

some advantages of the direct detection approach.

C or N NMR signals cover a much wider range of chemical shifts than 'H signals and yet can have much
narrower line widths in absolute terms. Therefore, in a heteronuclear correlation experiment, it is possible that
there will be a need to record the spin S (e.g. ¢ or °N) dimension with much higher resolution than the spin |
(*H) dimension. In purely practical terms, this very high resolution might be easier to obtain in the F, dimension
(simply by having a long acquisition time t,) than in the F; dimension, where a large number of small (because
of the wide chemical shift range) t; increments will be needed to achieve a large enough value of t; to resolve

closely spaced spin S signals.

A second possible advantage of direct detection of the (lower ~, usually less abundant) spin S nucleus is that

the direct detection of the | = "H nucleus can be complicated by the presence of very strong signals that are not
involved with the desired |-S correlation, e.g., those arising from a solvent, such as water, that cannot always

be replaced by its deuterated form for chemical reasons.
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Chapter 6

Exercise 6.1

Draw coherence transfer pathway diagrams for (a) the COSY experiment (Fig. 5.1), the NOESY experiment (Fig.
5.7), and the HMQC experiment (Fig. 5.10). (For the heteronuclear HMQC experiment, remember that you will

need to draw separate coherence transfer pathway diagrams for the | and S spins.)

(a) COSY
90° 90¢
t, t
+1
i} / \
P79 T \
(b) NOESY

905, 905  90°

) N I T

+1
_ [ \
P71 / \
(c) HMQC
90° o180,
| I T Et#Z t,/2 i T
90° 90°
: 1 |
+1
I p=o0 / \\
-1
+1
_ [ \
S p=o0
. \ /
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Exercise 6.2

Remembering that, in experimental practice, the flip angles of the pulses may deviate slightly from 90°, design

a two-step phase cycle for the COSY experiment (Fig. 5.1).

If the first pulse in the COSY pulse sequence in Fig. 5.1 deviates from 90° then we will have p=0

magnetization present during the t; period and this must be eliminated. (Spin-lattice relaxation will also give

rise to p=0 magnetization even if the pulses are perfect.) Thus, we need to cycle the phase of the first 90°
pulse (¢, ) to select Ap=+1 and Ap=—1 simultaneously, rejecting the unwanted Ap=0. Note that this is

identical to the axial peak suppression we used in the DQF-COSY experiment in Section 6.3. These two steps are
¢, =0°,180°

and the First Rule gives the corresponding receiver phase cycle as
¢, =0°,180°.

Alternatively, we can cycle the phase of the second 90° pulse ( ¢, ) to select Ap=0 and Ap=-2

simultaneously, rejecting the unwanted Ap=—1. These two steps are
¢, =0°,180°
and the First Rule gives the corresponding receiver phase cycle as

¢, =0°,0°.

Exercise 6.3

The NOESY experiment (Fig. 5.7) requires a two-step phase cycle to suppress axial peaks and a four-step phase

cycle to select p=0 during 7. Write down these two phase cycles separately and then nest them to give the

final eight-step NOESY phase cycle.

The two-step phase cycle of the first pulse in the NOESY sequence in Fig. 5.7 that suppresses axial peaks is, as

we have seen for COSY and DQF-COSY:
¢, =0°,180°
¢, =0°,180°.

For selection of p=0 during the T period it is usual to cycle the third 90° pulse through four steps and to

select Ap=-1:
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¢,=0°,90°,180°,270°
¢, =0° 90°,180°,270".

Nesting these two phase cycles together gives

¢= 0 0 0° 0° 180° 180° 180° 180°
¢,= 0 0 0° 0° 0° 0° 0° 0°
¢,= 0° 90° 180" 270 0° 90° 180° 270°
¢, = 0° 90" 180° 270° 180" 270° 0°  90°

Exercise 6.4

Confirm that cycling the phases ¢, and ¢, in the DQF-COSY experiment (Fig. 6.1) yields the same eight-step
phase cycle (but performed in a different order) as that obtained by cycling phases ¢, and ¢, (Eqn 6.8), as

described in Section 6.3.

Phase cycling the second 90° pulse ( ¢,) in Fig. 6.1, we need to select Ap=+3, Ap=+1, Ap=—1and

Ap=-3, rejecting the unwanted Ap=0and Ap=2. This can be achieved by the two-step phase cycle:
o, =0°180°
Bey =0°180°.
The phase cycle for the third 90° pulse ( ¢3) has already been given in Eqns 6.2 and 6.4:
¢, =0°,90°,180°,270°
¢, =0°,270°,180°,90°

Nesting these two phase cycles together gives

¢= 0° 0° 0° 0° 0° 0° 0° 0°
¢,= 0° 0° 0° 0° 180° 180° 180° 180°
¢,= 0" 90° 180° 270° 0° 90° 180° 270°
¢, = 07 270° 180° 90° 180° 90° 0° 270°
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Now this does not appear to be quite the same phase cycle as in Eqn 6.8; the first four steps are the same but
the second four are different. However, without altering the performance of the phase cycle, we can arbitrarily

add 180° to all four phases in steps five to eight to obtain

¢,= 0 0° 0° 0° 180° 180° 180° 180°
6= 0O 0° 0° 0° 0° 0° 0° 0°
¢,= 0° 90° 180° 270° 180° 270° 0° 90°
¢, = 07 270° 180° 90° 0° 270° 180° 90°

This is now identical to the phase cycle given in Eqn 6.8 except that the order in which steps five to eight are

performed has been changed.

Exercise 6.5

Confirm that cycling the phases ¢, and ¢, in the DQF-COSY experiment (Fig. 6.1) alone cannot suppress p=0

during the A delay, as described in Section 6.3.

Phase cycling the first 90° pulse ( ¢, ) in Fig. 6.1, we can select p=-+1 and —1 coherences during t;. But then,
as we have seen in Exercise 6.4, the second pulse (@, ) must select Ap=+3, Ap=+1, Ap=—1and
Ap=—3. Unfortunately, it easily seen that the change Ap=—1 appliedto p=-+1 and the change

Ap=+1 appliedto p=—1 both yield p=0 magnetization during the A delay. One solution to this is to
phase cycle the second pulse to select only Ap=+3and Ap=—3but this will lead to a loss of signal as two of

the four pathways leading to double-quantum coherences are blocked. A much better solution is, as described

in Section 6.3 and Exercise 6.4, to phase cycle either ¢, and ¢, or, alternatively, ¢, and ¢, with retention of

the full signal intensity.

Exercise 6.6

A strong pulsed field gradient is often applied before the very first radiofrequency pulse is applied in a pulse

sequence. Suggest why this is beneficial.

When time averaging an NMR experiment, it is sometimes necessary to use a shorter than optimal relaxation
delay between acquisitions in order to optimise the signal-to-noise ratio in a finite total experiment time. With
a short relaxation delay, it is possible that some transverse magnetization or multiple-quantum coherences
may survive from the previous acquisition and give rise to observable signal in the current acquisition. In order

words, we may have coherences other than p=0 present at the start of the pulse sequence, which could
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defeat the design and purpose of our phase cycle. Therefore, one obvious solution to this potential problem is

to apply a strong pulsed magnetic field gradient before the first pulse in the pulse sequence and so to dephase

completely any coherences left over from the previous acquisition.
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Answers to Exercises: Part B

Chapter 7

Exercise 7.1

Consider the kets |¢,)=[1)+[2), |¢,)=|1)+i[2), and |¢C>:|l>+\ﬁi|2>. Find the corresponding normalised

kets |¢;> , and so on, and the corresponding normalised bras.

We can normalise a ket by dividing it by its length: in general

)

sl=
\\@/\/

Start by finding the un-normalised bras

. ~ (-3

=@ (al=@-iE (v

remembering to take the complex conjugates of the coefficients. The inner products can be evaluated using

(Calva)= Q[+ [1)+]2)
= (1) +(12)+ 1) +2]2)
=14+040+1
=2

and similarly

()= (1]=i(2] [1)+12)
=(1|1)+i(1]2) —i(2|1) —i(+i)(2]2)
=14+0+0+1
=2

and

(o) = (=3I [1)+Bi2)
= (1[1) +4/3i(1]2) —VBi(2]1) - VBi(+31)(2]2)

=1+0+0+3x1
=4

Note that these inner products, which are the squares of the lengths of the vectors, are all positive real

numbers as required. We could have done these calculations using matrix forms, e.g.
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<wb |7/Jb> = ‘p;‘pb

o

=1-
=2

giving precisely the same answers. Alternatively note that since |1> and |2> are orthogonal and normalised the
square of the length is just the sum of the squares of the absolute values of the coefficients. Either way, the

lengths are /2 for [¢,) and |1,) and 2 for |¢,).

Putting all this together gives

)
(1

FO+ER) |u)=30+52)
L+30l (=%

Exercise 7.2

Calculate the inner products (¢, |¢,) and (¢}

’> and comment on your answers.

(Yaltn)= (1+(2 [1)+i2)
=(1|1)+i(1]2) +(2|1) +i(2|2)

=14+0+0+i
=1+i

(w2

)= 50 FHn+HR2)

=110 +5(2f2)+32n +322)
=14040+4

=}+3

=11+i

Note that (t/;

/> could have been obtained directly from <wa|¢b> by dividing it by the product of the lengths

of |1ﬂu> and |1ﬂb>.

Exercise 7.3

Calculate the inner products <1/J;

/) and (¢!

¢;> and comment on your answers.

The method is the same as before, but we can now miss out unnecessary steps.
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(wilel)= FA+5@ 3)+5PR)
=75 1+43i
(viler)= Hal-2al i+50)
22 22

z/}c’> This makes sense because from the

by =(¥;

Note that these two results are complex conjugates: <¢C'

1/JC’>* , and the adjoint of a number is its complex conjugate.

¢y =(v

properties of the adjoint <z/JC’

Exercise 7.4

Write down the matrix forms of ¢, and ¢, corresponding to the basis kets |@) and |3) . Hence show that

the matrices I, I, and I, (Eqns 7.23 and 7.26) act as described in Eqns 7.21 and 7.25.

We have

and so

0 1)1) (ox1+ix0) (0) |
lep(v = 1 = 1 = 1 :Elpﬂ
5 (031{0) 3X1+OXO 5

L 0 —3i)(1}] (ox1-—3ix0} (O i

— — f— ==] p

yTe |4 o Jlo) [(ix1+o0x0) (%) 77
1 0]})(1) (ix1+0x0) (&

IZ¢(\: ’ 1 = ; 1 = ’ :%lp(\
0 —1Jloj lox1-1x0) |0

and similarly
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Exercise 7.5

Show that B,A =— A,B andthat A,B+C = A,B + A,C

These are easily shown by direct expansion

B,A =BA—AB
=— AB—BA
=—AB
AB+C=AB+C —B+CA
=AB+AC—-BA—-CA
= AB—BA + AC—-CA

= AB+ AC

Exercise 7.6

Determine the nine possible binary products of the matrices I_, I, and 1,, and hence show that these matrices

have the correct commutation relations to represent angular momentum.

By direct multiplication

o —[° 1o -} (0+ii o0 e
— = = =]
YL oj\di o 0+0 —ii+0) *l0 —1

The complete set of nine binary products is

0 i
1 © U
¥ Y
0o 1 —1j 7 0
l,/x—[ . “]—%./y l,ly—[ . “]—%ux l,/,—[“ 1]—%1
—7 0 —ZI 0 0 n

confirming equations 7.28 and 7.29. Then
and so on.
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Exercise 7.7

Use the methods in Appendix D and E to confirm equations 7.52 and 7.53. Find the corresponding result for I .

Equation 7.52 is easy: as [, is diagonal matrix exponentials of terms proportional to it can be calculated

directly:

, “liwt O e 0
e—uuotlz =exp 2 0 ) — N .
0 %Iwot 0 @2t

The complete calculation of equation 7.53 is given in appendix E; the result can be found in equation E4

choosing the minus sign. The corresponding result for I, can be done in a very similar way to that for /, . First

we find the eigenvalues of kI ,

A —1ki
o 200 N2 22 N2 2
|klyf)\1|f%ki Sy [N kT =N e =0,
and so
A==k/2,

the same as for I, . The eigenvectors are, however, different. For A=k /2

has the solution x, =ix,, while A=k /2 has the solution x, =—ix, . The eigenvectors can be normalised by

choosing x, = 1/\/5 as before, and so matrices the A and S are now given by

ik o0 11 1
, S=—" :
0 —1ik Lli i

As a check we can evaluate

=K,

as required. Finally we have

Page 30 of 57

© P.J. Hore, J.A. Jones, S. Wimperis 2015




Hore, Jones & Wimperis: NMR: The Toolkit 2e Oxford University Press

ek'y:Se"S’I:il 1jfe” o il —
Ll =il o ezl i

1 ek/z +e—k/2 7i[ek/z 7e—k/2]
Ty i[ek/z . e—k/Z] M2 4 o k12
Choosing k=—iw,t gives

e’ oM =gt | gl
:{cos —w,t /2 +isin —w,t /2 ]+{cos wit /2 +isin wit/2 ]
=cos w,t/2 —isin —w;t/2 +cos w,t/2 +isin w;t/2
=2cos w,t/2

and

M2 k2 _ gint/2 _ gientl2

e e e
:[cos —wit /2 +isin —w,t/2 ]—[cos wit/2 +isin wit/2 ]
=cos w;t/2 —isin —w;t/2 —cos wt/2 —isin w;t/2

=—2isin w;t/2

Putting all this together gives

ek'y:Se"S’lzil 1jfe” o il i
Lli =il o e*)2l1 i

1| 2cos wt/2 —i{—Zisin wt/2 ]

i|—2isin w,t/2 ] 2cos wt/2

_[cos wt/2 —sin wt/2
Csinwt/2  cos wt/2 |

Exercise 7.8

Repeat the calculations in Section 7.5 using matrix exponentials. Repeat the calculations in Section 7.6 for a y-

pulse.

The general solution is

Pit)=e " P(0).
In section 7.5

H=wl,
and
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1
wo)=|"|
N)
Thus
—%iwot O % %e*%iwot
Wit)= R il
0 e 2 Nk

in agreement with Eqn 7.39, and the rest of the calculation is unchanged. In section 7.6

H:wlly
and
Y(0)= !
o
so
Wit)— cos wit/2 —sinwt/2 |(1) [cos wit/2
S sinwt/2  cos wt/2 o) |sinwt/2 |
In this case

—
-
~—
Il
i
3
[a)]
o
[%]
N =
£
~
28
=)
N~
£
~
I
o
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Chapter 8

Exercise 8.1

Consider the ket |¢;,) =cos 6/2 |a)+sin 6/2 €|3). Show that |¢),) is normalised and find the corresponding

density matrix p, .

It is easiest to do this using matrix representations. First

(W, [0,) =4,

cos /2 sin@/2e ( cosB/2
B [sin 0/2 ei"]
=cos’ 0/2 +sin”> 0/2

=1

and so |1/Ja> is normalised. Then

P, =W,
[ cos@/2 |cos@/2 sin 0/2e"
“|sin6/2 e
- cos’ 0/2 cosf/2sinf/2e "
“lcos 0/2sinB/2 e sin /2 '

The matrix p, can be written in a different form using trigonometric identities

1
2

i

sinfe 1—cosé

1+cosf sin&e‘i"]

explaining the use of /2 in the original description of |1pu> . This form can then be easily related to the Bloch

sphere description of spin states.

Exercise 8.2

Show that p, is Hermitian and has trace 1.

A matrix M is Hermitian if it is equal to its adjoint, M' = M" . In this case

- cos’ 0/2 cos 0/2sin0/2 e*
Pa = cosf/2sinf/2e " sin> /2
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and taking the complex conjugate gives p_ . (Note that we assume her that 6 and ¢ arereal.) The trace of
p, is the sum of the diagonal elements:

Tr p, =cos’ /2 +sin” 6/2 =1

as required.

Exercise 8.3

Consider the ket |1Z1b> =e" |1/Ja> . Find p, and comment on your answer.

This can be done by direct calculation using matrix forms:

P, :"I’bd";
[ e’ cos /2 ] e cosf/2 e sinf/2e

e’sinf/2e"

cos* 6/2 cosf/2sinf/2e™
cos 0/2sinf/2 e* sin? 6/2
P,

where we have assumed that y isreal. More directly

|, ) (0, | =€ |0, ) (0, e =€ e [0, )4 | =4 )

where we have used the fact that e is just a number an d so commutes with everything. Terms like e are

called global phases; as they have no effect on the density matrix they cannot affect any observable quantities.

Exercise 8.4

Show that mixed state density matrices are Hermitian and have trace 1. (Hint: consider Eqn 8.25.)

From Eqgn 8.25, any mixed state density matrix is a linear combination of pure state density matrices, which are
themselves Hermitian with trace 1 (see Exercise 8.2). The weighted sum of two Hermitian matrices is itself
Hermitian as long as the weights are real numbers; this is obvious by considering individual elements, or can be
deduced from the fact that the transpose and conjugate operations are both linear. For a mixed state the
weights are probabilities, which are always positive real numbers. Similarly the trace operation is linear and so,

using matrix representations,

Trp =Tr Zipipi :Zl_piTr P; :z,'pi =1

where we use the fact that the probabilities must sum to 1.
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Exercise 8.5

Does the matrix I, represent a mixed state? If not, does it matter?

As shown in Exercise 8.4 above, every mixed state density matrix has trace 1, but the trace of the matrix I, is 0,
so I, cannot be a proper mixed state! By comparing I, with Eqn 8.30 the cause of the problem because

obvious: in the case of /, one of the “probabilities” in the linear combination is negative.

Fortunately this doesn’t matter at all. Although 1, is not a proper density matrix it can be used in all

calculations as if it were one. The easiest way to see this is to follow the approach discussed beneath Eqn 8.32:

we can replace I, (which is not a proper density matrix) by 3141, (which is), but since the 71 part has no

effect on any observable terms it can be dropped with complete safety.

Exercise 8.6

Confirm the results of Eqns 8.37 and 8.38.

This is just an exercise in matrix multiplication. We have

p(t) — e—iu;ltlx Ize-%—iw'ltlx

—isin(w;t) cos(iwt) IO —13

cos(w,t) —isin(fwt)](2 0 | cos(Fw,t) +isin(w,t)
+isin(3w,t)  cos(3w;t)

N |~ N |~

cos(fw,t) —isin(iwt))( cos(Fw,t) +isin(Fw,t)
—isin(Fw;t) cos(zwt) J|—isin(Fw,t) —cos(zw;t)
cos’(fw,t)—sin’(2w;t)  2icos(iw,t)sin(w,t) ]

—2icos(2w,t)sin(w,t) sin’*(tw,t)—cos’(2w,t)

N |~

cos(w,t) isin(w,t) ]

—isin(w,t) —cos(w,t)
as required. Then
<ix>:Tr pl,
cosw;t  isinwt |0 1
—isinwt —coswtjil O

T [ isinw,t  cosw,t ]
.

1
;Tr

I

—cosw,t  —isinw;t
=0

where for simplicity we have moved all the factors of 1 to the front. Similarly
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<fy> =Tr ply
[ cosw,t

—isinw;t

1
;Tr

Il
ENT

—sinw,t
Tr]
—icosw,t

1 .
7 —2sinw;t

— 1cj
=—1sinw,t

and

(i,)=Tr o,
[ cosw,t

=3Trl .
—isinwt

EN

cosw,t
Tr| .
—isinw,t

—1
=1cosw,t.

Exercise 8.7

isinw,t |(0 —i
—cosw;tfli O
—icos wlt]

—sinw,t

isinwt |1 O
—cosw,t)|0 —1
—isinwlt]

cosw;t

Oxford University Press

Repeat these calculations to find the evolution of I, under H=w,l, .

The calculation is very similar to the previous one, and the critical matrix, describing evolution under w,/ , was

worked out in Exercise 7.7. The adjoint is easy to calculate, and then it is a simple matter of multiplying

matrices. First we find the density matrix

- Iw'ltly

plt)=e *"le
cos(zw,t) Sin(%wlt)][%

+iw1tly

sin(fw,t) cos(iw,t) J|0
2(sin(Rw,t)  cos(twit)

 1fcos’(Rwt)—sin’(3wyt)

2cos(2w,t)sin(Fw,t)

cos(twt) —Sin(%wlt)][

1
2

0 ][ cos(wt) sin(%wlt)]

—sin(w,t) cos(w;t)

cos(fwt) sin(twt) ]

sin(Fw,t) —cos(zw,t)

2cos(3w,t)sin(Zw,t) ]

sin’(2w,t) —cos?(2w,t)

1
2
1
2
1
2

cos(w,t)  sin(w,t)
sin(w,t) —cos(w,t)

and then we calculate expectation values
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<7X>:Tr pl,
coswt sinwt |0 1
sinw;t  —cosw,tf(1 O
sinwt  cosw,t
Tr .
—coswt sinw,t

1
=5Tr

ENT

=Isinw,t
<7y>:Tr ply
coswt sinwt [0 —i
[sinwlt —coswlt][i 0]
. [isinwlt —icoswlt]
=;Tr

=0

1
ZTr

—icosw;t —isinw,t

<iz>:Tr pl,
cosw;t sinwt |1 O
sinw;t  —cosw;t)|l0 —1

[cos w,t sinwlt]
.

Tr

ENIT

ENC

T
sinwt  cosw,t

1
Jcosw;t.

Exercise 8.8

Use similar calculations to calculate the result of the spin echo shown in Fig. 1.6 applied to an isolated nucleus
with offset frequency (). Determine the density matrix at each point in the spin echo sequence and interpret it

as a linear combination of I, I, and 1,.

This is just an extension of the same sort of calculation as above, but by now the number of matrices involved

is becoming so large that it is sensible to pause at each step in the process and consider the result.

The first stage is a 90, pulse applied to the initial state I,. The evolution under an x-pulse was calculated in

Exercise 8.6, and all we need to do is set w,t =7/2. Thus

1 cos /2 isinm/2
pl:z

—isinm/2 cosm/2
-
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Here it fairly easy to recognise —I by inspection, but this could instead be determined by evaluating the

expectation values

and then doubling them to get

p,=-—1,.

Now we evolve the state under H=2l, (we are working in a rotating frame, and so w, must be replaced by 2

). After evolution for a time 7 the density matrix is

7iQle +iQr 1

p,=e p.e
1]e™™/2 0 |0 i)le"’? 0
:E 0 Qi /2 [—i 0] 0 —iQr /2
1 e—iSZT/Z 0 0 ie—iQT/Z
:E 0 /2| _jeir/2 0

1| 0 e
2 —ie'” 0

Now calculate expectation values:

<fx> =Tr p,l,

0 ie'”|0 1
=1Tr _
el 0 10
. iefiQT 0
:ZTr .
0 _ielih
=31sinQ7

_IeiQT 0 | 0
. _e—iQT 0
:ZTF '“
O _el T
=—21cosQr
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_ieiQT O O -1
X 0 ie "
:ETT )
_ieIQT O
=0.

Doubling these coefficients we see that

p, =sin Q7 I —cos Q1 1,.

Oxford University Press

Next we have the 180, pulse. The effect of evolution under w,/, was calculated in Exercise 7.7, and setting

wt =T gives

“in |cos w/2  —sin w/2 0 -1
e = = .
sinm/2 cos w/2 1 0

So

o, =& p et
1{0 -1} 0 ie™|(0 1
“2la o];iemf 0 [—1 0]
1(0 —1)|—ie™™ 0

"2 o] 0 g™

1] 0 e

2 e 0

The expectation values are now
<fx>:—§sin Qr <i
so
p;=—sin Qr I, —cos Q7 I .

Finally we have the second period of free precession, leading to the final density matrix
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—iQTIz +i§27l1

p,=¢€ pse
1 efiQT/Z 0 O ieiQT eiQT/Z O
2 0 el /2|l _jamior 0 0 e 197 /2
1 efiQ‘r/Z 0 0 iei£27/2
2 0 o7 /2 e 1 /2 0

0 i
2|—i O
or
p,=—1,.

Doing all these calculations “by hand” is a lot of work, and it is easy to make a mistake. Computer assistance

can be extremely helpful in checking calculations like these.

Exercise 8.9

Repeat this calculation using the methods in Section 8.6.

To repeat the calculation using the methods in Section 8.6 it is necessary to consider the commutators

between the initial state and the Hamiltonian at each stage.

We start from p, =1/, and apply the Hamiltonian H, =w,/, . The first commutators is
A,B =1, =il =iC,.
(here b, =w, ), and so we must check
B,.C, =[I,1,|=il,=iA,.
Since the commutation relations fit the pattern in Eqn 8.46 we can apply the solution in Eqn 8.47 to get
p,(t)=A cosbit —C,sinbt =1 coswt—I sinwt .
and setting w,t=m/2 gives

p,=—1,.
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During the second time period H, =, and the commutators are now
A,B, =[1,1,]=—1,1,]=-iI, =ic,,
B,,C, = I,—1, =11, =—il, =iA,.

Once again these fit the pattern so

p,(17)=A,cosb,t —C,sinb,t =—I cosQt +1, sin{lt .

During the 180° pulse H, =wl, so B;=I, and b, =w, . The calculation is apparently made complicated by

the form of the initial state

A, =p, =~ cosClt +1,sinQit,
as the commutators rules are no longer obeyed. Performing the naive calculation gives

A,,B, =|—1,cosQt +1,sint,1, |
= —[ly,ly]coth +[lx,ly]sin§2t
=il,sinQt ,
=iC

3

and then

B,,C, =l ]sinQt
=il sinQt

=iA,

which does not fit the pattern of Eqn 8.46. However, closer inspection indicates that the second commutators

has produced the second of the two parts making up the initial state, while removing the first part.

The right approach here is to note that because the Liouville—von Neumann equation is linear we can consider

the two parts of A, separately. The first part, which is proportional to I, , commutes with the Hamiltonian,

and so does not evolve. The second part does not commute with the Hamiltonian, but its commutators do fit

the pattern of Eqn 8.46, and so it evolves in the usual way:

wyly .
I, —>—I coswt—I,sinw,t .
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Reassembling the two parts with the appropriate weights gives

ps(t)=—1,cosQit +1, sinQtcosw,t —1, sinQt sinw;t
and choosing w;t =7 leads to the simple result

p, =—1,cost —1, sinQt

For the last stage it is again convenient to divide up the initial state into two parts, each of which obeys the

appropriate commutation relations, and so:

1, Lﬂy cosQ7 —1 sinQ7

I, le cosQ7 + 1, sinQ2r
Thus reassembling everything gives

p,=— 1,c0sQ7 —1,sinQ7 cosQlt — 1, cosQ7 +1,sinQ7 sinQt
=—1I,cos* Q7 +1,sinQ7 cosQt — 1, cosQtsinQ7 — 1 sin” Q7
=—1, cos’ Q7 +sin* Qr

=1

y

This exercise conveys clearly the irresistible attraction of the product operator formalism, which enables
complex calculations to be performed by applying a few simple rules. Commutators can be easily found and
checked by examining Table L1, although in practice it is rarely necessarily to do so. Diagrams such as Figures
3.2 and 3.7 indicate important triples of product operators which have the right commutation relationships and

so will evolve in a simple way.
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Chapter 9

Exercise 9.1

Use direct products to calculate the two-spin operator matrix S, and show that it acts on the four basis states (

¢, and so on) as expected.

0100
(1o fo H_|z 000
“lo 1) |2 o) |o 0o o0 ¢
0010
Then
0 & 0 o)1) (o
s |2 00 0ol
xm\_ooo%o_o_ZnS
0 0 7 0Ji0 0
0 1 o o)o] (&
sy _|F oo jol
xvaf 00O % 0 - 0 2 ¥aan
0 0 1 0Jio 0
0t 0 o)o] (o
+ 0 0 ofo]| |o] |
sxlpju = 0 O 0 % 1 = O :Elpjﬂ
0 0 7 0J0 3
0 & o0 o)o) (o
£ 0 0 ofo]| [o] |
sxlpjj = 0 0O % 0 = % :Elp[m
o0 2 ofl1) lo
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Exercise 9.2

Confirm that the relationships in Eqns 7.28-7.30 hold for spin S in a two-spin system

We have calculated S, above, S, isgiven in Eqn 9.5, and using direct products

1 0 00
(o) (3 o) |0 40 0
*lo1)lo -4 o 0 % o0
0 0 0 -1
Multiplying matrices gives
0 L oo)fo o0 (2000
52:%000%00020%00:11
1o 00 iflo 0 0 i |0 0 L o] *7
00 2o0/004%o0 |O0OF?:
01 00)0 % 0 O i 0 0 O
1.0 0 Of2i 0 0 0 -l 0 o0 )
st)': - . :%Isz’
0 00 %o 0o o0 - |0 0 i o0
00 Lfojjlo 0o i o 0 0 0 -1
0 -1 o 0 L 00 (-4 0 0 o0
i 0 0 Oofto000 |O % 0 O ,
5,5, = . = N LT
0 0 o0 -liflo o 0o & 0 0 -ii o
0O 0o 3 O0}JlOo0 3O 0 0 0 i

as required. Finally

'S,.5,|=5,5,—5,5,=1is,— —iis, =is,.

Exercise 9.3

Use a computer package such as Mathematica to calculate the matrix representations of the three-spin

operators in Section 4.4.

The simplest approach is to use the inbuilt function KroneckerProduct which can multiply any number of

matrices together, and the multiply the result by 4.
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ni- Ax = {{0, 1/2}, {1/2, 0}};
Ay = {{0, -1/21}, {1/21I, 0}}; Az={{1/2, 0}, {0, -1/2}};

In[3]= MatrixForm[4 * KroneckerProduct[Ax, Az, Az]]

Out[3)//MatrixForm=

00 003 0 00
0 0 0 00-> 0 0
oooooo-%o
00 0 00 0 0 -
>0 0 00 0 0 0
0 - 0 00 0 0 0
oo-%ooooo
00 0 -0 0 00

nf41= MatrixForm[4 » KroneckerProduct[Ax, Ax, Az]]

Out[4])//MatrixForm=

000000%0
oooooooﬁ
oooo%ooo
00000—%00
00%00000
000-%0000
> 00 0 0 0 00
0—%000000

In[s5]= MatrixForm[4 * KroneckerProduct[Ax, Ax, Ax]]

Out[5)//MatrixForm=
00 0 0 00

o
o Nk

0 0 0 0

o
o
[N

0 0 0 O

o

o

o o me O
(e} (e VR
o o

(e} (e]

o ve
(=)
o
o
o
[e]

o N
o
o
(=]
o
o
o

Inf6]= MatrixForm[4 x KroneckerProduct[Az, Az, Az]]

Out[6]//MatrixForm=

~ 0 0 0 0 00 0
0 -2 0 0 0 00 0
0 0 -2 0 0 00 0
000%0000
0 0 0 0-200 0
0 0 0 0 0 >0 0
0 0 0 0 0 03 0
00 0 0 0 00 -=
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Exercise 9.4

Repeat the calculations in Eqn 9.16-9.20 for a 90, pulse.

The propagator for a single spin 90, pulse can be obtained from the results of Exercise 7.7 by setting

wt =7/2 to get. Then following Eqn 9.18 gives

1 -1 -1 1

1(1 -1} 1(1 -1) 11 1 -1 -1
3[1 1]®$[1 1]_51 -1 1 -1
11 1 1

e—i(n/z)ry _

and the adjoint is easily found. Then the density matrix after the pulse is given by

1 -1 -1 1)1 00 0)(1 1 1 1
et g ey AL 1 <1 <1100 0 0i]-1 1 11
1 -1 1 -1llo 0 0 1 -1 1 1
11 1 1looo —1{1 -1 -11
1 -1 -1 1)1 1 1 1
111 1 -1 -1lo 0 0 o
a1 -1 1 -1llo 0 0 o
11 1 1111 -1
0110
11 0 0 1
“2/1 00 1
0110
—F

where F, =1 4§, ,and so on, and matrix forms have been taken from Appendix I.

Exercise 9.5

Use a computer package such as Mathematica to repeat the double spin echo calculations in Section 9.6. What

happens if the 180° pulses are applied with phases of +x and —x ? How about +y and —y ?

These calculations are fairly straightforward:
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Ax = {{0,1/2}, {1/2, 0}};

Ay = {{0, -1/21}, {1/21I, 0}};
{{1/2, 0}, {0, -1/2}};
ONE = {{1, 0}, {0, 1}};

Ix = KroneckerProduct[Ax, ONE] ;
Iy = KroneckerProduct[Ay, ONE] ;
Iz = KroneckerProduct[Az, ONE] ;
Sx = KroneckerProduct [ONE, Ax];
Sy = KroneckerProduct [ONE, Ay];
Sz = KroneckerProduct [ONE, Az] ;

Fx = Ix + Sx;

™
N
n

Fy = Iy + Sy,

Fz =1z + Sz;

3= H=QI *Iz+ QS *xSz+nm+«J*2 % 1z.5z;
U = MatrixExp[-I+*H=*TtT];

n[15]= Upx = MatrixExp[-I + 7w« Fx];
Umx = MatrixExp[-I « 7% -Fx];
Upy = MatrixExp[-I xmxFy];
Umy = MatrixExp[-I 7w -Fy];

n19]= MatrixExp[-I+7m*+J*2%xIz.5z x4 t]

ouwror {{e?*77%, 0, 0, 0}, {0, €277%, 0, 0}, {0, 0, €**77F, 0}, {0, 0, 0, e2t77T}}
Inf20p= Ul = Simplify[U.Upx.U.U.Upx.U]

ouzor- {{e?2*77%, 0, 0, 0}, {0, €#*?"%, 0, 0}, {0, 0, €**77F, 0}, {0, 0, 0, eZ1I7"}}
n21]= U2 = Simplify[U.Umx.U.U.Upx.U]

ouzt= {{e?*’7%, 0, 0, 0}, {0, €**7"%, 0, 0}, {0, 0, &*77", 0}, {0, 0, 0, e??I7"}}
nzz]= U3 = Simplify[U.Umy.U.U.Upy.U]

ouzz= {{e %777, 0, 0, 0}, {0, &*77F, 0, 0}, {0, 0, €**?7F, 0}, {0, 0, 0, e2*77"}}
Note that the propagator is the same in all cases: it does not matter what phases are used for the two 180°

pulses as long as the phases are either identical or differ by 180° . If, however, 180; and 180; pulses are used

then the evolution will not be quite the same.

Exercise 9.6

Use the methods in Section 9.6 to calculate the effects of a spin echo in a heteronuclear spin system. Devise

pulse sequences to produce the three different average Hamiltonians Q/,, €).S, and 7J21,S, .

z?

Start with a simple spin echo where the 180° pulse is only applied to spin I. The combined propagator is

U= " MetS,mias,

—e o 1 @ 1T eSS, IS,
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and since the three parts of the free precession Hamiltonian all commute with each other and the S-spin terms

commutes with the I-spin pulse this can be reordered to give

—i7()S,

U = @ 7208 oimHe g iy o =17y oIS, : o

: o —iT(S,

Using Eqn 9.33 we know that

—irQ, _—inl, _—it, __ _—ixl

e ‘e e e

and the last two terms can be combined to get

U= e 728 g i o iTI2LS, o—i270ss,

The last stage of the simplification requires two-spin matrices

e 0 0 00 0 —i O)e™ 0 O
@ TS, qin o TS, 0 e 0 oo 0o 0o —ijo e
0 0 e O0||—-i 0 0 Of o e
0 0 0 e¥)O —i 0 O0Jl O 0 e
where
p=irnl[2

is introduced as a convenient shorthand. Multiplying everything out gives

0 0 —-i O
. . . 0 0 —i .
e—lTﬁIZIZSI e—lﬁl,( e—lTﬁJZIISI — _e—lﬁlx
—i 0 0
0 —-i 0 O

so the overall propagator for the single echo is

U—e ™ @ 27955

Finally, the propagator for the double spin echo is easily obtained

U—e ™ @275 gitly o =275,

— o1 @il @278, o127,
— o 127 g 14705,
— e S,

In this case a minus sign is seen from the spinor behaviour of the 360; rotation, but this minus sign can be

safely ignored because it will cancel with a corresponding minus sign in U (see Exercise 8.3). Thus, up to an

irrelevant minus sign the double spin echo is equivalent to evolution under the average Hamiltonian
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H, =()S,. As before it is nescessary to use a double spin echo to remove the direct effects of the 180° pulse,

although in many NMR experiments these effects are not critical and a single spin echo is sufficient.

The average Hamiltonian H,, =}/, can be created in very much the same way by applying the 180° pulses to
spin S instead of spin I. Finally the pure coupling Hamiltonian can be achieved by applying the 180° pulses to

both spins, imitating the homonuclear case.

Exercise 9.7

Repeat the calculations in Eqn 9.40 for the other three product operators involved in two-spin multiple

quantum coherences.

The four two-spin product operators involved in multiple quantum coherence are given in section 4.3 as 2/ S, ,
21.S,,2lS, ,and 2/ S , and we need to find the commutators of each of these terms with 2/.S,. The

xTy !’ yTx?’ yTy !

calculation for the second term is shown in Eqn 9.40, and the other three are done in exactly the same way:

15,15, =151S,—15,1S

= IX'ISXSZ _IZIXSZSX

= —Lil, —%is, — il 1is,

= _%'ysy +%Iy$y

=0
1,5,,1,5,]=1,51,5,~15,1,5,

=11,5,S,—1,15,5S,

= 3il, —3is, — —3il, 3is,

= %Ixsy _%Ixsy

=0
1,5,,15,|=1,515,—1,5,1;5,

=1155,~115S5,

= 3il, 318, — —3il, —3iS,

= _%IXSX +%IXSX

=0
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Chapter 10

Exercise 10.1

Explain why the eigenvectors of H; must have the general form shown in Eqn 10.2, for some value of 6 . (Two
eigenvectors can be spotted immediately, and then use the fact that the remaining eigenvectors of H, will be

orthogonal unit vectors.)

The matrix H, has the block diagonal structure

o

o

where large circles in boxes indicate non-zero elements, and small circles indicate zeroes. Note that the matrix
can be partitioned into three boxes, with each box being completely disconnected from the other two, that is
all the elements which could connect the boxes are zero. From this it can be immediately deduced that the

eigenvectors have the corresponding structures

I

The first and last eigenvectors are obvious: they can only contain a single non-zero element and so must be

o

while ¢, and ¢, must be linear combinations of ¢, and ¢, , and these two vectors must be normalised and

orthogonal to each other. Choosing

cosf

> |sinf

(where the value of # is still to be determined) guarantees that it will be normalised, and this forces the choice
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to ensure that ¢, and ¢, are orthogonal to each other.

But is this choice for ¢, the only possible form? If we assume that the coefficients must be real, then this is

indeed the most general form possible: any set of coefficient for a normalised vector will take this form for
some value of #. But why can we assume that the coefficients must be real? In general they could be complex

numbers.

Here we must distinguish between two possibilities. The two coefficients could both be complex in the same

way, so that we can write the state as

0 0
e"” cosb _|cos@
— R fry elﬂ’
> | e”sind sind
0 0

As shown in Exercise 8.3 such global phases have no effect and can be ignored. More importantly the two

coefficients could differ by a relative phase

cosf

2 |e"sind

and the assumption of real coefficients is equivalent to the assumption that the relative phase ¢ must be

either 0 or 7.

How might such a restriction arise? The simplest way to see this is to note that H, is almost symmetric

between the two spins | and S, and so the eigenstates must also be almost symmetric, leading to this

restriction.
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Exercise 10.2

Verify the eigenvalues listed in Eqn 10.1.

The eigenvalues for the two trivial eigenvectors, )\, and ), can just be read off from the corresponding

diagonal elements of the matrix H,. For the other two we have to set up the eigenvalue equation

2 +ml [2— A 0 0 0
0 wo—7l[2—\ ) 0
D= =0
0 ) —nmd—m)[2—N\ 0
0 0 0 —2mv+7l[2—\

and solve it. The determinant D can be partly expanded to give

wo—ml[2—)\ ) 0

D= 2mv+m)/2—)\ ) —md—m)[2—)\ 0
0 0 —2mv+7l[2—)\

wo—7l[/2—\ )

=2mv+nl[/2—\ 2mv+nl[/2—)\
/ / 7 —md—7l[2—]\

where we have used the block diagonal structure to expand the determinant in an intelligent fashion. The

eigenvalues are the four roots of this quartic equation (the four values of A for which D=0, and two of these

values are immediately obvious
A\ =2mv+7)/2 A, =—2mv+ml/2
and the last two are obtained by solving the remaining quadratic equation in A

wd—7l[2—\ ) 0
) —mS—ml ]2\

-7l [2—N —mwb—wl[2—\ — @) =0
N M) +7° 62 —3/2 /4 =0

Using the quadratic formula gives

ﬂuiw\/ﬁw —§*—3/2 /4
A= .

— i)+ im? 462 430
=—im)tmS +&

=—im)Etme

asrequired for A, and ), .
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Exercise 10.3

Use )\, and |1/)2> to find an expression for tanf and then use double angle formulae to verify the expression

for tan26.

Concentrating on the central block of the matrix gives

mo—7l[2—=), ) cos6| (O
| —n§—m)[2-\)\sind] |0

And multiplying out gives the two equations

w6 —7)[2—)\, cosf+m)sind=0
mlcos@+ —mbé—7)[2—)\, sind=0

These equations are equivalent, so we can concentrate on the top one, which rearranges to

A 47l [2—mh
¢

)

sinf = osf

or

—m)[24+me+7)[2—76 _e—6
J g

tanf =

Now the double angle formula for tangents gives

2tané
1—tan’6
2e-6/J
1— -5/ P
2)e=¢
P est

B 2) e—6
P 24266
B 2) =6
P88 42e6
2/ e—6

25 e-6

=1/6.

tan260 =

Page 53 of 57

© P.J. Hore, J.A. Jones, S. Wimperis 2015




Hore, Jones & Wimperis: NMR: The Toolkit 2e Oxford University Press

Exercise 10.4

Use a computer package such as Mathematica to verify Eqns 10.14 and 10.15 directly.

A possible solution is shown below.

n[1]:= Ax:{{O, 1/2}, {1/2, 0}};
Ay = {{0, -1/21I}, {1/21I, 0}};
Az = {{1/2, 0}, {0, -1/2}};

ONE = {{1, 0}, {0, 1}};

Ix = KroneckerProduct[Ax, ONE] ;
Iy = KroneckerProduct[Ay, ONE] ;
Iz = KroneckerProduct[Az, ONE] ;
Sx = KroneckerProduct [ONE, Ax];
Sy = KroneckerProduct [ONE, Ay];
Sz = KroneckerProduct [ONE, Az];
Fx = Ix + Sx;

Fy = Iy + Sy’

)
N
n

Iz +Sz;

4= H=QI *Iz+QS*Sz+ 2+ J* (Ix.Sx+Iy.Sy+ Iz.Sz);

(5= p = MatrixExp[-I xH* t] .MatrixExp[-TI*mw/ 2 %« Fx].

Fz MatrixExp[I *n/ 2 » Fx] .MatrixExp[I+*Hx* t];
(6= FID = Simplify[-Tr[Fy.p] + I *Tr[Fx.p]];
FID = Simplify[FID /. {QI 2> 2nx (v+6/2), QS 2nx (v=-6/2)}];
FID = ExpandAll [PowerExpand[FID /. {-J*2-6"2 » -e*2}]]

Out18] _e—JiJIrt—Jifrte+2J'1rrtv+_eJiJJT:—Jiﬁte+2:lJTtv+_E—JiJﬂt+Jiﬂte+2J'1n:v+_eJ'lJrrt+J'1rrte+211ﬁtv_
2 2 2 2
‘EﬂlJu:fiu:EJrZiJ\th eJ‘LJJltfiJlte+Zthth efiJJ\t+i;\te+21‘uath elJ/\t+i/\tEv2ﬂ,flt‘«’J
+ + -
2¢€ 2e 2e€ 2e

n(t9)= FID == ExpandAll[(1/2) * (Exp[I*wl3*xt] (1-Sin[20]) +Exp[I*xw24+t] (1+Sin[26]) +
Exp[I*xwl2*xt] (1+Sin[20]) +Exp[I*xw34xt] (1-Sin[286])) /.
{Wl3 s 2m*xv+mxe+n*xT, W24 > 2n*xv+A*x€-N*JT, Wl2 >32Axv-A*x€e+A%xJ,
w34 5 2nxv-ntxe-nxJ, Sin[26] - T/ €}]

Out[19]= True

Getting a “nice” result out of a Mathematica calculation typically requires a judicious use of commands such as
Simplify, ExpandAll and PowerExpand, as well as using substitution commands to change notation, as
indicated by the arrows in the code above. It is usually necessary to experiment to find the most effective

route, and example calculations such as that above sometimes benefit greatly from hindsight.
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Exercise 10.5

Oxford University Press

Use your program to explore the spectrum for a range of values of the ratio J/& and convince yourself that

weak coupling and equivalent spin behaviour emerges in the appropriate limits.

This could be done by simply plotting spectra, for example using the program in Fig 10.2. Alternatively it is

possible to extend the program in Exercise 10.4 by taking appropriate limits to get the analytic form of the two

extreme spectra.

(FID/. {J/€->0}) /. {e » &}

In[20]:=

*J‘lJ)Tt*i)TtéfZ]‘LﬁtV_*_ o

Out[20]= — @

2 2
Inzi}= FID /. {€ =» J}

oupzi 2 e t7EY

Exercise 10.6

eiertfiﬁtév2ir{tv +

—“iJdnt+vintd+2inty idnt+intde2inty

—e + —e

2 2

Expand your program to verify Eqns 10.18 and 10.19.

This is a fairly simple extension of the previous code; as before the main difficulty is in finding a good route to

“tidy up” the result.
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nf1= Ax = {{0, 1/2}, {1/2, 0}};
Ay = {{0, -1/21TI}, {1/21, 0}};
Az = {{1/2, 0}, {0, -1/2}};

ONE = {{1, 0}, {0, 1}};

Ix = KroneckerProduct[Ax, ONE] ;
Iy = KroneckerProduct[Ay, ONE] ;
Iz = KroneckerProduct[Az, ONE] ;
Sx = KroneckerProduct [ONE, Ax];
Sy = KroneckerProduct [ONE, Ay];
Sz = KroneckerProduct [ONE, Az];
Fx = Ix+ Sx;

Fy = Iy + Sy

Fz = Iz + Sz;

In(14:= H

QI *Iz+QS*Sz+2+mxJ* (Ix.Sx+Iy.Sy+1z.8z);
MatrixExp[-Ix*H=*t];

a
n

Uadj = MatrixExp[I+H=+*T];
n(17= p = U.MatrixExp[-I * m* Fx] .U.MatrixExp[-I 7/ 2 « Fx] .
Fz .MatrixExp[I x 7w/ 2 * Fx] .Uadj.MatrixExp[I + m % Fx] .Uadj;
nrer= £x = Simplify[Tr[Fx.p]]

out[18]= 0

(9= fy = FullSimplify[PowerExpand[
Simplify[Simplify[Tr[Fy.p]] /. {QI > 27w+ (v+5/2), QS 2>2m%x(v-6/2)}] /.

{(-0"2-622 5 -e~2}]] /. {J"2+5622 » €~2}

262Cos[2J7rt} +J (J+€) Cos[2m (TJ-€)T]+J (J-€) Cos[2mm (T+€) T]
Out[19]=

EQ

n2o}= Simplify[fy == Simplify([
(2* (Cos[26])"2*Cos[2n*TxT] -Sin[28] (1 -Sin[26]) *Cos[27n* (TJ+€) *T] +
Sin[26] (1+8in[20]) *Cos[2m*x (TJ-€) xT]) /. {Sin[268] »J /€, Cos[208] » &6/ €}]]

out[20]= True

Exercise 10.7

Use matrix representations to prove Eqgn 10.31.

Taking the matrix representations from Appendix |

0 0 —-i O 0 —-i 0 O
2lySZfZIz$y:l(_) 0 0 =y 0 0
2(i O O Of 2(0 O i
0O —-i 0 O 0 0 —i

0o i —i O

1|—i O i

:5 i 0 —i

0o —i i O
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0010 10 0
’x+$x:10001*1 00
2l1 0 0 o] 2 01
0100 10
0110
111 0 0 1
2|1 00 1
0110
and so the commutator is
0 i —i 0)o 110 (01 10)0 i —i 0
1]—-i 0 O i1 0 0 1 0 0 1f-—i 0 i
4li 0 o —ill1 0 0 1| 4|1 0 0 1i i
0 —i i oJlo11o 1 10lo =i i o
0000 (0000
10 0 0 o] 1(0 0 0 O
“4l0 0 0 0| 4lo 0 0 0
000 000
-0

Exercise 10.8

Use operator commutators to prove Eqn 10.31, and hence evaluate the commutators between the sum term

21,5, +21,S, and F, .

We can expand the final commutators as the sum of four individual commutators and then look up the
elementary commutators in Table L1 to get
21,5, -21,8,.1, +5,|=[21,5,.1,]-[21.5,.1,] +[21,5,.5,
=—i2l,s, —i2l S, +i2l S +i2lS$,
=0.

~|us,.s,]

25y’ x

For the sum term, the minus signs before the second and fourth terms on the first line become plus signs, and

so the commutators add together rather than cancelling out:

21S,+21,8,,1,+S,

=y

=[21,,.1,

y“z/

=—i21,5,+i21,8, +i21 5, —i21,5,

+[21s, 0|+ [21,5,,5,)+ (28,5,

=y y“z? =y

=2 21,8, +i21,8, .
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