Nuclear Magnetic Resonance 2e P.J. Hore Solutions to Exercises

Solutions to Exercises

Fundamental constants

Planck’s constant h=6.62610""]s
Boltzmann’s constant ks =1.381 x 102kt
Vacuum permeability Lo = 4T X 107)s°Cc?m™
Gas constant R=8.314)K 'mol™

Magnetogyric ratios

0 /107 T s
'H 26.752
Bc 6.728
“N 1.934
N -2.713
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Chapter 1

Exercise 1.1

See Table 1.2.

32 40
/=0 = even number of protons & even number of neutrons = ¢S and ,,Ca

/:% = even (odd) number of protons & odd (even) number of neutrons =- %Fe and lé(%Sn

/=1 = odd number of protons & odd number of neutrons = gLi and 1§N

Exercise 1.2

Spin angular momentum (s.a.m.) = ﬂfl I4+1 h (eqn1.1)

=1 1+1 —[

2 34 )2
.a.m. 2.042x10 15 3 5
Sam] = ~ =375 =2 =2x2 = =2
h 6.626x10 " /27 4 2 2

Exercise 1.3

,u:%[/ I+1 h (egns1.1and 1.5). v=1.934x10’ T 's*. /=1 (Table 1.1).

1= 1.934x107 x1x2x 6.626x1073* /27 = 2.884x10 */ JT '

Exercise 1.4

B

Uwir = — (eqgn 1.10).
2w

26.752x107 %23.488

(a) vwr H = = 1000.0 MHz
2T
s 6.728 x10” x23.488
(b) Var C = = 251.5MHz
27
2.713x107 x23.488
(c) Ve N = = 104.4 MHz
2T
Exercise 1.5
B
Unmr = m (eqn 1.10)
27
. 26.752x10" x 50x10 °
vk H = 5 = 2.129kHz
vy

Weak magnetic field = Small energy level splitting = Small polarization = Weak NMR signal.
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Exercise 1.6
B
VNMR :m (eqn 1.10).
2T

2y, | 2% 76X10°

= || = P T =2713x10° T 'sH = ®N
Exercise 1.7

n/i na _nJ

— = exp —AE/k;T (eqn1.11) and p = — (eqn 1.12).
nn na +nd

n,

2 ~ 1— AE/k,T (because e* ~1—x when x| <1)

n

p— 1-ny/n, _1-1-AE/kT  AE/KT  AE
1+n,/n, 1+ 1—AE/kT  2—AE/kT  2k,T

Exercise 1.8

P~ AE  InB
T 2kT 2KT

(egns 1.12 and 1.9).

6.626x10 34 /27 x 26.752x10" x17.6
p = = =5.992x10"°
2x 1.381x10 ©° x300

Exercise 1.9

AE hy
(@) p = =
2k, T 2k,T
2x 1.381x10 % x300x0.01
ooy 2P — = 125GHz
h 6.626x10
AE hv
(b) p = =
2k, T 2kT
h 6.626x10>* x 400x10°
=T — = 0.96K

 2kp 2x 1.381x10 % x0.01

N.B. The same answers can be obtained using eqn 1.11, i.e. without the approximation AE < k,T .
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Exercise 1.10

First determine the polarization of electron spinsin a 4.0 T field at 4 K (using eqn 1.11):

6.626x1073* /21 x —1.761x10™ x4.0
— =exp —AE/kT = exp —hyB/kT = exp|— = = 3.837
na 1.381x10" x4

n,—n; 1-ny/n,  1-3.837

= = = —0.5865.
n, +n, 1+n,/n, 14-3.837

pe =

N.B. n;>n, and p, <0 because v, <0.
Now calculate the polarization of protons in a 600 MHz spectrometer at 300 K (using eqn 1.12):

AE h 6.626x10>* x 600x10°

py = = = = 4.798x10°°
2k T 2kgT 2x 1.381x10 > %300
Then, signal enhancement = Pel _ ‘L%SS = 1.22x10*
by 4.798x10
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Chapter 2

Exercise 2.1

v benzene —rv DMSO = 7.3—2.4 x750 = 3.675kHz . Compare eqn 2.8.

Exercise 2.2

Vg —V B
6= IOG[OZ/—W] (eqn2.6) and v = _Z_w (egn 2.4 with o, <1).
0, ref

26.752x107 x14.1

S Vg = — - = —600.3MHz

v, C
§ CHy —6 CH, = 106[ ¢z

I
o
X
(<)
ey
~—_—
G
——
X
o
(@]
N
I
IS
ot
c
~—

10°[1y CHy —1vp GH, || 10°x 3x10°
= = e = —5.0ppm
VO, ref —600.3x10
=6CH, =6CH;, — —50 =0.9+45.0 = 59ppm
Exercise 2.3
§ Co(CN);™ = 0.0ppm. § Co(CO,);” = 14x10° ppm (from Fig. 2.18).
4B 1637x10° x9.4
|V0 refl — S T = 2.449MHz .
’ 27 2m
Av = N6x|g | = 14%10° ppm x2.449MHz = 34.3kHz
Exercise 2.4

All five compounds have a single group of equivalent nuclei:

(a) (b) (c) (d) (e)

H H
Cl 0
CIzC CCl3
cl \C| or Cl :\C|
PD§ C'>\9' >_\
Cl,C CCl,
cl I | 0
H H
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Exercise 2.5

(a)

3 4
C1 and C5 are equivalent, as The two methyl carbons on All four methyl carbons are
are C2 and C4. C2 are equivalent. equivalent.
(b)
Cl Cl
X A
) cl
1 2 3
All four 'H are equivalent. The two CH, protons are The two CH protons are
equivalent, as are the two CH equivalent.
protons,

Exercise 2.6

(a)

Isomer 1 Isomer 2
c_ ¢l H o
Cl;C CHCI ClsC CHCl,
(b)
c,
>"\ CcLC ccl
ClsC CCly | |
H H

Because of their symmetry, both isomers have one "H chemical shift and two °C chemical shifts.

Exercise 2.7

Assume that the paramagnetic contribution dominates:

1/1
o, _Z<F> (eqn2.10). o = ad+0p (egqn2.9). ¢ =~ 10° O, —0 (eqn 2.7).

Smaller A = larger |0p| = more negative o, = smaller o = larger §

= sp2 carbons have larger chemical shifts than sp3 carbons
Exercise 2.8
Assume that the diamagnetic contribution dominates:

larger number of electronegative substituents =- lower electron density around H atom =- greater

deshielding = higher §

= CHBr; has the highest and CH;Br the lowest chemical shift
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Exercise 2.9

OMe group is electron donating = same as aniline in Fig. 2.17.

= meta has the highest and the ortho the lowest 'H chemical shift

Exercise 2.10

rand @ are defined as in the diagram:

The distance from the centre of a benzene molecule to one of its H atoms is:

Tbenzene =1 C—H +r C—C =110+140=250ppm.

Also, 6, ene = 90° = 1—3c08” 6, ene = 1-
1—3cos’ C
= A benzene = 3 benzene = __ € 3 = +2ppm where Cis a constant.
rbenzene 250
For the proton immediately above the centre of the ring: 6, =0 and 1—3cos’,,,,. =—2:
1-3c0s° 0,00 € —2C
= A6 above = 3 sbove 7 _ T—=—2ppm.
rabove rabove
A benzene 2 C/ 250 3 1(r, X
Q0 benzéne  +2 “1l=—=-= -above | Nbove = Y2%250=315pm
Ad above -2 —2C/rypove 2{ 250
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Chapter 3

Exercise 3.1

(a) (b) (c) (d) (e)
F cl cl o]
~CI Fr. | \F |
o N s
F F 0 F¥ Y
Square pyramid
AX; spin system AX,4 spin system AXg spin system AMX spin system I(51V) -7
2
Exercise 3.2
(@) (b) (c) (d) (e)
Cl Cl
Br Cl cl l
CH3Cl (CH3)3CH 5
Br Br
Cl Br

A; spin system
1 singlet

AXg spin system
12 lines:
CH: decet

A, spin system
1 singlet

AX spin system
4 lines:
two doublets

A, spin system
1 singlet

(CHs)s: doublet

Exercise 3.3

(b) There are seven lines in the H spectrum of | | |
CHDj; (relative intensities 1:3:6:7:6:3:1) | " ||| " |

e W

Exercise 3.4

(a) The relative intensities are 1:2:3:2:1

(a) (b)

C'\/\/

From left to right:
triplet, quintet, sextet, triplet

Cl

A

From left to right:
doublet, sextet, quintet, triplet

Exercise 3.5

With a linewidth of ~3 Hz, only the three-bond couplings would be resolved, i.e. Jo and Jgp.

= singlet (X), doublet (P), doublet (M), triplet (A)

NN\ ™
A\

ND
() ()i ] )
W L' JINLV
UNIVERSITY PRESS

v
)
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Exercise 3.6
Vy Uy vV, UV

. Ja

v, =—600.001677 MHz; 1, =-600.001683 MHz; 1, =—600.004437 MHz; 1, =—600.004443 MHz

Ve =—0600MHz. J=v, —1v,=1v;—1,=6Hz.

To get the chemical shifts:

%1/1+V2 _GI/ref = 2.8ppm %V3+V4 _GVref = 7.4ppm
Vo /10 Vo /10

Exercise 3.7

(a) Only one group of equivalent spins = magnetically equivalent
H H

(b) .124¢J25¢134 = chemically equivalent
/4 3\
5 2

H H

O

All J, couplings are identical = magnetically equivalent

(c)

(d) %Jq=>Jy = chemically equivalent

Exercise 3.8
| inner 1+J/C C+J 2 2
= = Table3.3). C = «fj +(dv)" (eqn 3.5).
| outer 1-J/C c—J ( ) (o) (eq )
dv = spectrometer frequency xchemical shift difference = 0.154 1, /10°

y
(a) C = \/3.92+ 0.154%600 > — 92.48Hz — _.ner _ 9248+39 . o
| outer 92.48—-3.9

y
(b) C = \/3.92+ 0.154x40 2 = 7.291Hz = -.Mner _ 7291439 ..,
| outer 7.291-3.9

Exercise 3.9
Let P, and P, be the mole fractions of molecules in which the two protons are, respectively, trans and gauche

to one another (£, +-P, =1). The observed coupling under conditions of fast exchange is the weighted

average of the trans and gauche J-couplings:

(J) = BJ+PJ, = Pd+ 1—B J, = J,+P. J,—J,

5N—J _
= p - W)=ty 346222 (10 ang P =1-R = 0832
h—d,  97-22
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Exercise 3.10

Dipolar splitting = AR, 3cos’f—1  with Ry = P #e WA—;YX (eqn 3.16).
2 \4m )\ r

A=1 for heteronuclear spins and A=2 for homonuclear spins.
Maximum splitting = 2)\R,, (when §=0).

ltti 414 6414
() For®cc, R, — Tnexselitting _ 6414 _ 6414,

2 2x3 3
Lo .
S =
max splitting 1941

b For ®N-C, R, = Hz .
(®) Ne 22\ 2x1

2
7
6.626 x103* 6.728 x10
= F2OOXLE 0 Tx— T 1526x10 ©m
47 6414 /3

e
RCC

INYVe
Rye

x1077 x = 1.467x10 °m

7 7
_,|e.626x10 * | 2713x107 6.728x10
47’ 1941/2

ho)l
MRt = =
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Chapter 4

Exercise 4.1

v
kmerge = (eqn 4.4).
2
%1600 _
S = 6—2 ppmx400MHz = 1600Hz = k... — WT — 3554571,
1 2
(@) k=10"s ' < kpoge = Slow exchange = Av = K_10 _ 318h (eqn 4.2)
™ ™

7o’ w1600 °

(b) k=10°s"" >k .. = fastexchange = Av = = = 40.2Hz (eqn 4.3)

2k 2x10°
Exercise 4.2
k
Av = — = k=mnAv (eqn4.2).
o
(a) At100°C, k, = 7x1.4 = 4.4s '.At120°C, k, = 7x6.0 = 18.9s .
(b) Arrhenius equation: k= Aexp —E, /RT . Assume pre-exponential factor is independent of
temperature.
k _exp ZE/RL | E|1 1
k, exp —E,/RT, RIT, T,
Rin k, /k 8.314xIn 1.4/6.0
= 1k / = 88.7kJmol ™"

¥

R [1_1]
T, T, 393 373

3
From the Arrhenius equation, A = k,exp E, /RT, = 1.47r><exp[ 88,710

———— | =1.15x10"s "
8.314x373

Exercise 4.3

o
Kerge = f (egn 4.4).
400 9100 9100
= Kperge = —— = 108 exp — = T = ———— = 393K
\/E merge In ﬁX1013
4007

(@) AtT=310K, T<T .. = slowexchange = two lines

(b) AtT=393K, T=T .. = two linesjust merged into one broad one

(c) AtT=420K, T>T .. = fastexchange = oneline

© P.J. Hore, 2015.



Exercise 4.4

Oy = Pp0, +Pg0, (compare eqn 4.7). §, =3.5ppm; &, =6.5ppm.

o, — 0,
6av = pA6a+ 1_pA 5b = Pa 50 _5b +6b = Pa = - L.
60_5b
3.86—6.5
At 300 K: = — = 0.38§; =1-p, =012,
Pr = 35 65 Pe Pa
4.10—-6.5
At 350 K: = — = 0.80; =1-p, = 0.20.
Pr = 35 65 Pe P
The equilibrium constant for A = B is K:&.
Pa
0.12 0.20

At300K: K, = —— = 0.136. At330K: K,, = —— = 0.250.
3% 7 0.88 30 0.80

The van't Hoff equation for the temperature dependence of the equilibrium constant is:

Integrating this expression, assuming A H is independent of temperature, gives:

350 300

AH K
InK = ———+c¢ = In232|=
RT R

K300

o sl

Rlnh

K300

B 8.314xIn 0.25/0.136
[11] -
300 350

= 10.6kIJmol™*
11
[300 350]

=AH=

Exercise 4.5

6, =3.00 ppm, §, =5.00 ppm.
5av = pAéa +p36b = 1-pg 50 +pB($b =P 5b _60 +6a

8, —6,  3.01-3.00

av Y

5,—6,  5.00—3.00

a

= p = = 0.005 and p, = 1—p, = 0.995

Exercise 4.6

k
K=-4, AI/A:k—A, AI/Bzﬁ.
B T T
Avy = ks = Ay, = BxAy, = Av, = 10 = 100.0Hz
Av, ky k, K 0.01
Exercise 4.7
k,|H"
Av = o[ —32H = k — 1AV 32X _ 1.0%10° dm® mol*s~?
T [H*} 10

dink

ar

AH
RT?
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Exercise 4.8

There are 6 protons at —2.99 ppm and 12 protons at +9.28 ppm.

 6x —2.99 +12x9.28

Weighted average chemical shift: ¢ = 5.19ppm

& 8 » 6+12 PP
Exercise 4.9

Ho _CHs Six lines at low temperature because rotation around N-benzene bond is slow and all 6
N aromatic carbons are inequivalent.

6 2 At high temperature, rapid rotation around the N—benzene bond averages the

chemical shifts of C2 and C6 and of C3 and C5.

5 3

4 There are therefore 4 lines: C1, C2+C6, C3+C5, C4.

Exercise 4.10

8,y =p HPO, 6 H,PO, +p HPO; & HPO, .
4.61is the mean of 3.40 and 5.82 = p H,PO, =p HPO; .

) [HPOZ|[H*] _ pHPOL [H] — W] = oK, =pH =721

=
PO, | p H,PO,

a

© P.J. Hore, 2015.



Chapter 5

Exercise 5.1

1
Av = — (eqn 5.9).
T,

1 1

= = 3.18s
TAv 0.1xm7

=T, =

Exercise 5.2
An(t) = Aneq[l—exp —t/T, ] (eqn 5.1)

An(t)
An

eq

=1-exp —t/T, =099 = exp —t/T, =001 = t=T,In100 = 4617,

Exercise 5.3

27, 1 2/
Jw= S— (ean5.3); —=7"(Bu )/ w, (ean5.4).
1+wr? T, < °°>
- Wy
(a) At the minimum, —0.
d7,
dJ w, 2 — 222
L = oncz which equals zero when w,7.=1.
e 1l
1 1
= Tc:—:—6:318ps
Wy 2mx 500x10
27
(b) When wor =1, J w, = ——%  — 7.
0'c 0 1+wé7-c2 ¢
1 1 1
- h= = = — 0.70s

V(B ) wo 7V (Bi)T.  45x10° x 318x10 ¥

© P.J. Hore, 2015.



Exercise 5.4
(a) Assume only source of 13C relaxation is modulation of the *C-"H dipolar interaction.

2
1 Ho 2 2 2|7
—=|—=|h —<| (eqn5.5).
T [4ﬂ_] Y 6 (eq )

1/6

2
= r= [ﬁ] W,y

47
1/6
2 (6.626x10° | 2 2
=10 x[z—] X 6.728x107 X 26.752x10" ~x 50x10 ** x0.931] = 1.09x10 “m
iy
(b) Ignoring the small difference in the C—H and N-H bond lengths:
1 1 T, NH ’ 6.728%10" |
Xl —— o = A || o |22 gy
T, CH T, NH T, CH o 2.713x10

Other things being equal, “Nin an NH group should have slower spin-lattice relaxation than BCinaCH

group.

Exercise 5.5

NO, H spin-lattice relaxation is dominated by the dipolar interactions between nearest
neighbour ring protons. H5 has two nearest neighbours, H4 and H6 have one, and H2 has
8 % none.
5 - Therefore (a) H5 relaxes fastest and (b) H2 relaxes slowest.
2

Exercise 5.6
T, decreases as 7, increases (Fig. 5.11). The slowly tumbling protein therefore has a shorter T, and,

because Avx1/T, (eqn5.9), a larger linewidth.

Exercise 5.7

27, 1 1
——5— (ean5.3). F=72<33,C>J w, (eqn5.4). F=72<B|ic>%[1 0 +J w, ] (eqn 5.11).

Jw =
1+wT] 1 2
T. 10 +Jw J O
vy Ty
2 Wo J w,
= 7. = 18 _ /18 = 1.13ns

¢ w,  2wx600x10°

© P.J. Hore, 2015.



Exercise 5.8

100 F 800 MHz No change when w7, <1.
T./s /
30 |
i 0 Wz T, is increased by a factor of 4 when w,7.>1.
3r The minimum T, is larger by a factor of 2 and occurs at half
1T the value of 7.
-12-11-10 -9 -8 -7
l0g,o(7./S)
Exercise 5.9
dn 08
- = _va’in{v +VVH(vnﬁ . T
dt : ‘ W}.ﬂ an
At equilibrium n, =nZ", n,=n3" and d—t“:o. | a
VVd(y nEq
é L — (a3
VV(W n;q

n?
According to the Boltzmann equation, T’q = exp —AE/ kT .
n

«

Wm
= —— = exp AE/k,T

af

Exercise 5.10

27,
W™ 6J(2w,) ° 1+4wir? 6
2 = ol _ 0 ¢/ >— = 1 (using eqn 5.3 for J(w))
W, J(0) 27, 144wyt
= 4P =5 = 7, = B2 £[—1 s] = 297ps
2 w, 2 (27x600x10

© P.J. Hore, 2015.




Chapter 6

Exercise 6.1

™
B = > = —wt, = VBit, (eqn6.3).

= T2 sg7ps
B,  26.753x10"x10

Exercise 6.2

Assuming exponential relaxation: exp —t /7, =0.01 = t=T,In 100 =2.30s

Exercise 6.3

(a) A 90° pulse rotates z-magnetization vector into xy-plane = z-magnetization=0 = equal
populations
n®? +n®t
=n, =n = ——"= o,
\ 2
(b) A 180° pulse inverts z-magnetization = z-magnetization changes sign

= n,—n; =nF—n? = n =n7 and n,=n]

Exercise 6.4

Beﬁ
AB
S e
> > X
B,
AB
(a) 5 tan £ = tan 10° (seediagram). Q = yAB and 3 = 1Bt = g
1
Qt
étanlo":g: Q/y = P
B, /2 [, /2
tan 10° tan 10°
- Q= [f]x— — [E]x—s = 2.77x10*rad s *
2)" 2) 10x10°

= £<10° when —27,700< () <+27,700 rad st

(b) chemical shift x spectrometer frequency = offset frequency
27,700
= ——— = 11.0ppm = chemical shiftrange = 5.0+11.0 = +16.0 > 6 > —6.0 ppm
400X 27
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Exercise 6.5
1 1
cos )yt cos wit :ECOS Qp +7J t—|—5cos Qy—ml t.

= the spectrum obtained by Fourier transforming Acos )t cos mJt exp —t /T, contains lines at offset

frequencies 2=, +=7J, both with amplitude A

Exercise 6.6

Signal-to-noise ratio ~ \/ﬁ = N=50%=2500
Exercise 6.7

S(r) = [1—2exp —7/T, |S(>) (eqn 6.6). S(r=100s)~ S(~)=1.000.
= S(o0)—S(1) = 2exp —7/T,

= In S(c0)=S(7) =In2—7/T,.

1 _
Plot In S(c0)—S(7) against 7. Gradient = = —-0.0806s"
1

= T,=12.4s

Exercise 6.8

At the end of the first delay the A, B, and C vectors accumulate phases 25, €25, and ). After a 180 pulse,
these phases are 180° —(2,, 180° —();, and 180° —). . During the second delay, the three vectors

accumulate additional phases 4, g, and Qc. The end result is that all three have phase equal to180°, i.e.
they refocus along the +y-axis.

When the second pulse is 180; (as in Fig. 6.13) the phases are (24, 25, and Q¢ before the 180; pulse, =24,

—Qg, and —€)¢ after the 180; pulse, and therefore 0° at the end of the second delay.

Exercise 6.9

1 | 1 | a |
3 | 3 i 3 i
re? [ 1
4 Vi i 45 F
L \2 - \2 L
(a) 1,3 shifts (b) 1,4 shifts (c) random shifts
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Nuclear Magnetic Resonance 2e

Exercise 6.10

3 cross peaks:
34, 45, 56

P.J. Hore
X
6 2
5
Y
4

2 cross peaks:
45, 56

Solutions to Exercises

1 cross peak:
23 =56
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