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Chapter 7: Matrix algebra

7.1. The elements are a;3 = 3 and a3 = 2.
7.2. Comparison of A and B shows that A = B if x = —2 and y — = 3. It follows that y = 1.

7.3. The answers are

310 1 3 -6
A+B_[31 6} A_B_{51 2}
4 7 -15

7.4. The distributive law is satisfied since, as follows:

1 0 2 1 3 1
B+C= 2 1|+ -1 1 |= 1 2
-1 -1 0 1 -1 0
Hence
3 1
1 3 0 6 7
wsro=[1 20 118 7).
-1 0
Also
1 0 2 1
1 3 0 1 3 0
AB—l—AC’—[Qll} - _1 +{211] *(1)1

7.5. Verify the left- and right-hand sides:

- -1 0
-1 2 -1 11
A(BC) = | 2 3 1] ;_f {—1 2]
[—1 2 -1 - -l
- 2 3 1 -
L 4 1
[ -5 10
Tl -1 14
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as required.

7.6. Multiplication gives

and

7.7. Since A+ C =13,

100
C=Ts—-A=]0 1 0
00 1

2 1 3
— 1 -1 2
-2 1 1

AC = A(T; —A) = A— A% and CA = (I; — A)A = A — A% = AC.

2 1 3 -1 -1 3 3 -3 -8
1 -1 2 -1 2 -2 |=1]14 -5 -1 ].
-2 11 2 -1 0 3 3 4

Since A + C' = I3, multiplication by A and C give

Hence

AC =

A% 4 AC = A,

and

CA+C? =C.

Adding:
A2+ AC+CA+C?*=A+C =1;.

-5 6 16
-8 11 2 1.

-6 -6 -7

Finally, since AC = C'A,

A2+ 0% =13 —2AC =

7.8. Using the transpose rules in Section 7.3 (following Example 7.7),
(A+ AT = AT 4 (AT = AT 1 A= A+ AT,

which means that A + AT is a symmetric matrix (see Section 7.3).
Similarly
(A—ATT = AT - (ATYT = AT —A=—(A- AT),



which means that A — AT is skew-symmetric.

Use the result that

A= %(A+AT)+ (A— AT).

For the given A

1
2

2 -2 3
AT=11 o0 1],
3 1 2
so that
2 -3 3 030
A=| -3 0 1 |+]| -3 00
3 1 2 0 00
7.9. Given
1 3 1 1
A=| -1 2|, then AT:[3 5
0 1
Also
10 5 3 9
AAT =] 5 5 2|, ATA:[I
3 21
7.10. The equation Ax = d becomes
1 -1 2 T T —y+2z
3 0 1 y | = 3z 4z
-1 2 =3 z -z + 2y — 3z
Hence
r—y+2z = 2
3zr+z2 = 0.
—x+2y—3z = -1
Also
1 3 -1
XTAT:[xyz] -1 0 2
2 1 -3

= [x—y—i—?z 3x+ 2z —x+2y—32]:[

The verification follows.

7.11.

—
o
o

A2 =

[ S

I
o =
—= O

If 2b 4+ ac = 0, then A% =1I5. Hence A~ = A: in other words A is its own inverse. In this case,

eliminating, say, b:

1 0 0 1
a —1 0| = 0
b c 1 2b + ac

1 0 0
Al = A= a -1 0
—%ac c 0

for any a and c.
It follows that

A2n—1A2n—1 — A4n—2 — (A2)2n—1 — (13)277,—1 — 13'

Hence the inverse of A2~ ig A2n—1,



7.12. The two matrix products are

2 0 1 0o 3 % 10
AB=1]2 -2 2 1 -1 1= 0 1
0 4 —4 1 -1 —3 | [ 0 0
Similarly i ) )
0o 3 % 2 0 1 10
BA=|1 -1 -3 2 -2 2 01=1]01
1 -1 —3 0 4 —4 [ 00
By Section 7.4, B must be the inverse of A.
7.13. The powers of A are
2 0172 o1 4 4
A2=1|2 -2 2 2 -2 2| =10 12
0 4 1]|0 41 8 —4
and -
2 0 1 4 4 3 16
A =AA%2=| 2 -2 2 0 12 0|=| 24
0 4 1]|8 -4 9 8
Hence
16 4 15 4 4 3
A3 — A2 — 124 = 24 —24 24 | —| 0 12 0 | -
8 44 9 8 —4 9

100
—-1210 1 0

0 0 1
Multiplying both sides by A~! (A is nonsingular):

AT1A3 —A7TA? — 124714 = —1247° 15,

that is,
A% — A — 1213 = —12471,
Hence
1 1 5 -2 -1
At = E[AQ —A—1213] = 5 1 -1
-4 4
using A? previously found.
7.14. Let A be the matrix in each case, and use rule (7.8).
(a) Then
1 1
det(A) :‘ 9 _1 } = —3.
Hence
1 1
~1
A= { 53 } .
3 3
(b)
2 3 A_l Alfly) -
det(A) = I 43, and =z

1
2

o o

o

© O W

4
—24
44

12

)



1 0
det():‘é g]-—?,andA_lz{O _1}
2
(d) 1
det(A) = 10 -7 =56, and A~! = O 5]
0 -+ &
(§]
“ 1 _ 49 50
det(A) = —99 100} _ ~19402. and A~! = 9701 9701 |
7 % , 1994702 1994902

7.15. The inverse of A must satisfy AA~! = I4.

Note that A has just one element in any row or

column. Hence to achieve the zeros in the correct positions in I4, we must have

0
-1
—1 a
A= 0 b
0
assuming that a, b, ¢, d are all non-zero.
7.16. The equation Ax = d becomes
0 11
1 -2 2
1 0 1
or
y +
r — 2y +
T +
To find the inverse first calculate
0
det(4) =1
1
Using (7.10)
2
|3
A7 = 3
3
3
Multiplying Ax = d on the right by A~
A7 Ax = I3 Ax
Hence
_2 1
T 3 3
x=|y =] 3 3
z 2 1
3 3

0 ¢! 0
0 0 0
1 0 0 )
0 0 d!
T 6
y | = 31,
z -9
z = 6
2z = 3.
z = -9
1 1
-2 2 |=3.
0 1
1 4
3 3
_1 1
3 3
1 _1
3 3
=x=A"d.
3 6 17
3 3= 21,
1 -9 8
3



which is the solution of the set of equations.

7.17. Thus,
(A'BA)? = (A"'BA)(A"'BA) = A"'BAA™'BA = A7'B1,BA = A"'B%A.
Using this result, observe that
ATIB*A = (A7'B2A4)? = (A7'BA)*.
Using rule (7.8)

A"'BA = {

W Wl
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Finally
AT'B*A= (AT'BA)* = [

w0 wol—
Wl wloo

7.18. Since the parabola must pass through the points (x1,y1), (z2,y2) and (z3,ys),
Y1 = a+ bxy —i—cx%,

Y2 :a—i—bxg—i-c:cg,
Y3 :a—i—bxg—i—cxg.

These can be viewed as three linear equations in a, b and ¢, which can be expressed in the matrix

form
1 = m% a Y1
1 29 x% b =1 vy
1 3 x% c Y3
Let A be the 3 x 3 matrix on the left. By (7.11)
1z 23
det(A) = |1 @ 23 | = (w23 — xix3) — 21 (23 — 23) + 2% (x3 — o)
1 z3 23

= (CL’l —xg)(l'g—l'g)(xg—xl).

The determinant will be non-zero if 1, 3 and z3 are all different. By (7.10) the inverse of A
is given by

) 1 7% — w373 — (3123 — 1323) 1123 — 2023
AT = det(A) _( g—l’%) ',I’%_x% _(x%_x?%) )
T3 — T2 —(z3 — z1) Ty — 1

which equals the answer given in the question after some factorization. It follows that

L2T3Y1 T3T1Y2 L1T2Y3
Y1 (z2—z3)(z3—71) (z3—z2)(z1—22) (z1—z3)(z2—73)
_ (m2tx3)y1 __ (mstw1)ys ___ (mitza)ys
2 | = (z2—23)(z3—>1) (z3—22)(21—22) (z1—x3)(z2—23)
Y3 Y1 Y2 Y3
(z2—w3)(T3—21) (z3—x2)(T1—22) (z1—23)(w2—23)

Note that if, for example, 1 = x5 then there will no parabola of the form given if y; # yo, but if
y1 = y2 (that is, two points coincide) there will be an infinite set of such parabolas.

For the three points given x1 = —2, o = 1 and z3 = 3,
1 -2 4 : 1 -3
-1 4 1 1
1 39 1 _1 1
15 6 10



Hence

_14
a 5
b | = L
c 11
15
The required parabola through the given points is
yz—%+%5x+%x2.
7.19. If a;; = (—j)" —ij, then
-2 -4 -6
A= -1 0 3
—4 —14 -36
Also
2 4 -6 I -3 -3
detA=| -1 0 3|=24, Al=| -2 2 1
—4 —-14 -36 71 _1
12 2 6
7.20. Calculate the powers of A:
8 7 11
A’=AA=|3 6 3|,
5 1 8
2 1 3 8 7 11 34 23 49
A3 =AA%2=|1 -1 2 36 3|=]1 3 24
1 21 5 1 8 19 20 25
Hence
34 23 49 8 7 11 1 3
A3 —24%2 94 = 15 3 24| -2136 3|-9|1 -1 2
19 20 25 5 1 8 1 21
= 0.
Also
(8 7 11 2 1 3 1 00
A2 —24—-91; = 36 3|—-2|1 -1 2]|=]010
|51 8 1 21 0 0 1
(-5 5 5
= 1 —1 —1 | 0.
| 3 -3 -3

Suppose that A~1 exists. Then
ATH(A® — 242 —9A) = A2 — 24 — 913 = 0,

which contradicts the result above. We conclude that the inverse of A does not exist.

7.21. Given A2 = A and A #1,,.
(a) Suppose that A~! exists. Then

AtA2 =A1Aor A=1,,

which contradicts the assumption that A is not the identity matrix. We conclude that the inverse
of A does not exist.



(b) Verify the result:
I +A)(I, —2A) =24+ A-1A- 1A=L, +A-1A-1A4=1,.

Hence I,, — %A must be the inverse of I,, + A.
(c¢) Use proof by induction. For m = 2,

(I, +A)?=(I,+A)I, +A) =1, +24+ A% =1, + 3A,

since A2 = A. Hence the result is certainly true for m = 2. Suppose we know that the result is
true for some value of m, say m = r; that is that

I, +A4)" =1+ (2" —1)A.
Then

L, +A) = ([,+A)0,+4)" =T, +4)1, + (2" -1)A
BrA+(2 —1DA+ (2" —1)A2

= L+A+(©2 -1)A+(2"-1)A

= L+ -1A

Hence if the conjecture is true for m = r, then it is true for m = r + 1. Hence by induction it is
true for m = 3,4, .. ..

7.22.

Al + Ay = T1+x2 Y1 t+Y2 7 AyAy = T1X2 — Y1Y2  Toyi + L1y
—Y1 — Y2 X1+ T2 —ToY1 — T1Y2 T1T2 — Y1Y2

Note that A3 A4; = A1 A,. The inverse

A71 _ 1 1 —U1 )
! B4yl T

These results parallel the rules for complex numbers. For the complex numbers:

21+ 20 = (x1+x2) +i(y1 +y2), 2122 = 122 — 1Y T i(T1y2 + T2y1) = 2221,

1 m+tip

2 T+ y
The top row in the matrix operations gives the real and imaginary parts of the corresponding
complex ones.

Also |z1]? = 22 + y2, corresponding to det A; = 2?2 + 2.

For the exponential function

1
—22

621=1+21+2! I

Interpret the exponential of the matrix as
A, L o
e fIn+A1+—'A1+«-~.

The real and imaginary parts of e are given by the elements on the top rows of the terms of e,
since z™ corresponds to A™.



Chapter 8: Determinants

8.1. (a)
1 2
_1 =M)x@B)-@)x(-1)=5
(b)
1 0 1
01 0[=)x|] O'—(O)x 0 0‘+(1)x v 1‘:1.
0 1 1 1 1 0
1 0 1
(c)
1 -1 2
3 1 -1 |=1
2 1 -1
(d)
2 1 0 -1
0 0 2 0
3 1 2 1 =20.
0 1 -1 1
(e) Expanding by the top row at each step
01 0 0 O
1 0 0 0 O 1000 0 0 1
0 0 0 1 1 0
00001:—0100:—100:—‘01‘:—1.
001 00 00 10 010
00010
(f) After repeated expansion by the top rows
2 1000 21 00 11 00
12 100 1 2 1 0 0 2 1 0
01 2 1 0|=2 — =2x5—-4=6.
00 1 2 1 01 2 1 01 2 1
000 1 2 0 0 1 2 0 0 1 2

8.2. (a) The elements of row 1 are twice the elements in row 2 (Rule 5).
b) Add the elements in row 2 to row 1 to give (Rule 6)

-1 2 3 2 301
301 —2|=| 3 12
—2 -3 -1 -2 ——-3 -1

The determinant is zero since the elements in row 1 are (-1) times the elements in row 3.

(¢) The determinant is unchanged if the elements in row 1 become the elements in row 1 minus
the elements in row 2 (Rule 6). The determinant is therefore zero since the first and third rows
have the same elements (Rule 5).

(d) The determinant is zero since the elements in rows 2 and 3 are in the same ratio (3/5) (Rule
6).

8.3. Since a is a factor of each element in row 1 and also a factor of each element in column 1,
and c is factor of each element in column 3, by Rule 2,

a® ab ac

a
a ¢ ac|=d%| b
bac a bc c

2

= a’cA.

Qo o
> Q0



8.4. There are many ways of simplifying determinants using the rules in Section 8.2. The usual
aim is to introduce zero elements and to reduce the size of numbers. These methods are illustrated
in the following solutions. Note that operations between columns (¢;) are employed as well as
operations between rows (r;).

(a)

99 100 200 1 -2 1
98 102 199 | = | 98 102 199 | (#, =11 — 1)
-1 2 3 -1 2
1 -2
= | 98 102 101 | (¢4 =c5—c1)
-1 2
1 0 0
= | 98 298 101 | (¢} =cs—2¢1)
-1 0 4
= 208 x4 =1192.
(b)
77 84 55 2 -3 —2
75 87 57| = |75 87 57| (1) =r1—7)
1 -2 3 1 -2 3
25 29 19
= 3’ 1 —2 3 ‘ (rp =r1 —2ry)
0 1 -8
= 3/25 3 —6|(ch=co—c1,5=c3—0c1)
1 -3 2
25 —6 25 4
= o _24‘ 1 —3’
= —3x56—24x (—79) = 1728
(c)
2 -1 1 3 -1 1
99 98 55| = |1 98 55| (ch=c1—c)
200 197 111 3 197 111
0 —198 —110
= |1 98 55 | (rfi=r1—73)
3197 111
0 —198 —110
= 1 -1 0 (r’2:7’2*%7”1,7“§:7’3+7”1)
3 -1 1
0 —198 —110
= |1 -1 0
2 0 1
= —22
(d)
87 84 83 8l L B P
76 7T T |0 —1 2 75 (}:1_3)
54 53 52 54| |2 1 -2 54 (0,2:62_03)
—43 —44 —46 -4 3 02 —42 4| BTBTA



4 4 1
0 1 5 7| Ch=men)
= (rf =r3+1r3)
2 0 0 129 3— 732
3 0 38 146 | UaTTatIr)
4 4 156
= —|2 0 129 | (expanding by column 2)
3 —38 146
0 4 156
= —| 2 0 129 | (¢} =c1 — c2)
41 —-38 146
2 129 2 0
- 4‘ 41 146 ‘156‘ 41 -38 ‘8132

8.5. If b = a, then the first two columns have the same elements which means that the determinant
will be zero (Rule 5). We conclude that the determinant has a factor (a — b). Similarly the
determinant has factors (b — ¢) and (¢ —a). The determinant is of degree three in a, b and ¢ which
implies that

A=k(b—c)(c—a)(a—D),
where k is a number. Compare the leading diagonal term 1xbxc? = bc? in A with the corresponding
term in the expansion which is kbc?. Hence k = 1, and

A=(b—-c)c—a)(a—0b).

8.6. Operations between columns give

1 1 1
A = a b c
a® b A
1 0 0
= a b—a c—a (0:2:02761)
@B B _ad B _ad (5 =c3—c1)

= (b- a)(03 — ag) —(e— a)(63 - a3).

Taking out factors

1 1
A = (b-a)c—a) B +a?+ba 2 +a®+ac
1 0

= (b-a)(c—a)

b2 +a?®+ba (2 —b%) +alc—Db) ‘ (3 =c2—c1)
= (b-a)(c—a)(c=b)(a+b+c)=(b—c)(c—a)la—Db)(a+b+c)

8.7. The determinant equation is linear equation in x and y, and therefore represents the equation
of a straight line. Also the determinant is zero if z = a1, y = by since two rows have the same
elements. Hence the line passes through the point (a1,b;). Similarly the line also passes through
the point (ag, ba).

The cofactors of z and y are X; = by —by and X5 = as —aq, and the slope is — X1 /X5 (a1 # aa).
(a) The required line is y = 42 — 5.
(b) The required line is 5y = —z — 1.

8.8.
11 -1 L0 0
1 a 2| = 1 a—1 3| @37 ®7a
11 2 1 o9 1| @=e-a)



The determinant is zero if a = 7.

8.9. Each term in the expansion contains three elements each from a different row and column.
Since there are z’s are in different rows and columns, terms in 3 will appear in the expansion,
although it is possible that terms could cancel. In the second determinant there is no x in row 1,
the expansion will be of degree 2, at most, in x.

T 2 =2 20 +2 xz+1 z+1
2 =z 3| = 2 x 3 (ri=mr+ra+rs)
z -1 T T -1 T
2 1 1
= (z+1)|2 =z 3
r -1 «x

= 23422 +52x+4
Hence the determinant is zero if x = —1 or 22 + 2 + 4 = 0. The solutions are
r=-1, z=3(-1+iV/15).

The expansion of the second determinant is

1 1 2
3 z 2 |=4—x— 2%
r 1 =z

Hence the determinant is zero where z = 1(—1+ v/17).
8.10. By the expansion (8.3)

a1 +bii a2 +b12 a3+ bis
a21 a22 a23
a31 a32 a33
= (a11 + b11)(a22a33 — asaaz3) — (a12 + bi2)(az21as3 — asiags) +
(@13 + biz)(az1a32 — aziaz2)

CL11(0226L33 - a32¢123) - 1112(021(133 - 031023) + 013(a21a32 - a31a22) +

511(a22a33 - a32a23) - 512(a21a33 - Cl316l23) + b13(a21a32 - a31a22)

ailp a2 ais bin b2 b3
= a1 @G22 G23 |+ | a21 @G22 Q23
a31 asz ass az1 asz2 ass

8.11. Expansion by row 1, as in the previous problem, will lead to 2 determinants. Then expansion
by row 2 for each of these 2 determinants will result in 22 = 4 determinants: the number doubles
for each row. Therefore there will be 22 = 8 determinants.

For an n X n determinant with the sum of two terms in each element, the expansion will lead
to 2™ determinants.

8.12.
1 ar—by a1 +b 1 2a1 a1 +b;
1 as—by as+ by = 1 2ay as+ by (0/2 =Co — Cg)
1 a3 —bs asz—+bs 1 2a3 az—+bs
1 2&1 b1
= 1 2a9 by | (h=rc3— %02)
1 2&3 bg
1 aq b1
= 2 a9 b2
as b3

12



8.13. Easy to verify that

Expanding D,, by the top row
Dn = 2Dn71 —1x1x Dn72 = 2Dn71 — Dn727

or, equivalently,
Dy, —Dy_1=Dp_1—Dp_s.

It follows that

Qn=Dpn—Dp 1=0Qn 1=Qno2=...=Qa=Dy—-D1=2-1=1

Also
Dn:Dn,l—f—Qn:Dn,l+1:Dn,2—|—2::D2+(n—1):n+1

8.14. First observe that the determinant is a quartic in x, that is, a polynomial of the fourth
degree. If z = a, then rows 1 and 2 have the same elements, which mean that the determinant
is zero. Similarly, if x = b and x = ¢, two rows have identical elements. There will be one more
solution. Then

r a b c
a T b ¢
a b z c
a b ¢ z
r+a+b+c r+a+b+c z+a+b+c z+a+b+c
_ a T b c
- a b x c
a b c T
(rl=r+ro+rs+ry)
1 1 1 1
a z b c
= (x4+a+db+c) e b oz el
a b ¢ =z

showing a factor (x + a + b+ ¢). Hence, the solutions are

x=a,bc,—(a+b+c).

8.15. The determinants of A and B are

bi1 b2
bor  bao

a11 a2
a1  A22

det A = = b11b22 — b12b21.

= a11022 — Q12a21, detB = ‘

(a) The product AB is given by

| a1bir + a12b21  a11bi2 + ar2bae
AB = .
a21b11 + az2b21  a21b12 + az2boo

Then it can be verified that

det(AB) = (a11b11 + a12b21)(a21biz + agebas) —
(021511 + 022521)(6111512 + a12b22)
= ((111(122 — a12a21)(b11b22 — blzbgl) = det Adet B.

13



Put B = A to obtain det(A?) = (det A)2.

(b)
det(AT) = @ a2 = a11021 — 12021 = det A.
a2 G22
(c) By (7.8)
-1 _ 1 A22  —a12
det A | —a21 an
Since det A effectively divides each element in the matrix,
1 1 1
det(A™) = ——— — =———detA=—.
eUAT) = ez (9z2an — aztie) = Gy de det A

(d) Result follows from (c) since A~! = adj A/ det A.
8.16. The numerical answers are:

det A = —2; det B = 18; det AB = —36; det(AT) = —2;
det(adj A) = —2. Since

1 71 =5
A—1=5 -2 0 21,
11 -1

then det(A~!) = —1
8.17. The matrix A in full is

a—2 2a0—4 3a-—28
A= a+2 2a+4 3a+8 | =0,
a—2 2a—4 3a—8

and its determinant is zero since rows 1 and 3 have the same elements.

Chapter 9: Elementary operations with vectors

Figure 1: Problem 9.1
9.2. (a) /3, 0; (b) /2, 90°; (c) /2, 135°%; (d) /2, 45°; (e) /2, —135°;
(f) 5, 127°; (g) 5, —126°; (h) /5, 153°.
9.3. (a) (v2,v2); (b) (=2, %2 () (3,3£%); (d) (242, -2).

2
9.4. BE=QF - QB = (3,3) + (1,1) + (2,3) — [(2,4) + (4,1)] = (6,1) — (6,5) = (0,—4). The
bearing is due south.

9.5. (a) Distance between (0,0,0) and (1,2, 3) is /(12 + 22 + 32) = \/14.
(b) Distance between (1,2,3) and (3,2,1) is /[(1 —3)? + (2 —2)? + (3 — 1)?] = 2y/2.

14



(c) Distance between (1,0,—1) and (—1,1,0) is
VI = (=1)* + (0= 1)* + (=1 = 0)’] = /6.

9.6. The vector PQ = (2,3,3) — (1,2,1) = (1,1,2). The projections respectively are the compo-
nents of PQ, namely 1,1, 2.
9.7. (a) 2a = 2(1,2,1) = (2,4,2); 3b = 3(2,1,2) = (6,3,6); 2a — 3b = (2,4,2) — (6,3,6) =
(—4,1,—4).
(b) 2a = (6,4,6); 3b = (3,3,6); 2a —3b = (3, 1,0).
(c) 2a = (12,6,2); 3b = (12,6,3); 2a — 3b = (0,0, —1).

The vector 2a — 3b is parallel to the (z,y) plane in (b) because the z component is zero, and
parallel to the z axis in (c) since both its z and y components are zero.

9.8. Figure 2 shows that AB + BC + CA = 0 by the triangle law.

B

Figure 2: Problem 9.8

9.9. Figure 3 shows that CD = CB + BA + AD.

Figure 3: Problem 9.9

9.10. The vector OP = (5,2,—3), and the vector giving the origin @ in terms of O is OQ =
(2,-1,3). Hence QP = OP — OQ = (3,3,—6). In QXY Z, the point P has coordinates (3,3, —6).

The relation between coordinates is . = X + 2, y =Y — 1, 2 = Z 4 3. Hence the equation of
the sphere 22 + y? + 22 = 1 becomes the sphere

(X +22+ (Y -1 +(Z+3)3*=1.

9.11. Let AB = a, BC = b, CD = c. By repeated application of the triangle rule, AD = a+b+c.
Since P and @ are midpoints

Simlarly

—_— e = 11— 1 1 1
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The quadrilateral PQR.S has opposite sides which are parallel and equal in length, and is therefore
a parallelogram.

9.12. AP is the median vector from A; F is a representative point, position vector r, on AP. The
parametric equation for AP is

r = ta+AP=r4+ b+ 3a) (7)
= I‘A+)\[rc—I'A—|—%(I‘B—rc)}
= (1—=X)pa+ %)\rB + %)\rc, (i4)

where a = CB, b = AC, ¢ = AC and ) is a parameter. By permuting the suffixes, A — B,
B — C, C — A, we obtain for the other medians:

r=(1—p)rg+iurc+ tura, (i41)

and
r=(1—-v)rc+ svra+ tvrp, (iv)

where u, v are parameters. These lines meet at a single point C' if values of A, u, v can be found
that make the right-hand sides (ii), (iii), (iv) equal. If we put A = u = v = 2 we obtain the
common point G, with

OG = %(I'A +rp+reo).

Also the term AMAP = 2AP in (i) shows that G is two-thirds of the way along AP.

9.13. Can one vector, say OC, be expressed in terms of the other two? We require constants o
and 3 such that, from eqn (9.12)

OC = aOA + BOB, or (5,5,7) = a(1,1,2) + (1, 1,1).

This will be possible if « + 3 =5 and 2a+ = 7. Hence o = 2 and 8 = 3, and the three vectors
drawn from the origin lie in the same plane.
Similarly, for OA = (a, a,p), OB = (b,b,q), OC = (¢, ¢, 1), we require o and 3 such that

c = aa+ 0Ob, r=ap+ 5q.
Hence, the lines lie in the same plane since solutions for o and 8 can be found:

cq—rb _ra—cp
aq — pb’ ag—bp’

provided aq — pb # 0. If ag — pb = 0, the vectors OA and OB lie in the same direction, and the
three vectors will still lie in a plane. The vectors all lie in a plane through the z axis, at 45° to the
z and y axes.

9.14. If vg is the velocity of the glider relative to the earth, then

vE =v —w = (40,30,10) — (5,—10,0) = (35,40, 10).

9.15. Let vgg be the velocity of the boat relative to the sea, v be the velocity of the boat and
v the velocity of the sea. Then vgg = vp — vg, so that

vs=vp—vps = (4,1) — (5,4) = (—1,-3).

9.16. Let vy be the velocity of the wind relative to the cyclist, vyr the velocity of the wind,
and ve the velocity of the cyclist. Suppose that vy = (a,b). Then, in case (i):

viwe = (a,b) — (0,10) = (a,b — 10).
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Since vy ¢ has zero component in the northerly direction, it follows that b = 10. In case (ii)
vwe = (a,b) — (0,20) = (a,b — 20) = (a, —10).
Since the wind appears to come from the north-west, a = 10. Its speed is

[viv| = V/[10? +10%] = 10/2km h™'.

9.17. Let vg be the velocity of the ship, vy the velocity of the wind and vy g be the velocity of
the wind relative to the ships. In both cases viys = viy — vs. Let viy = (a,b). Then

(a,b) — (0, —u) = (a,b — u) has direction —i.

Hence b = u, and a is negative. Secondly

- (250)- (o 259

has direction

tan ( b2u ) = —120°.
a—+ %
Therefore w
T 2u = _\/g’
at 5
so that

U= —\/ga—Qu, or a = —V/3u.

The true velocity of the wind is viy = (v/3u, u).
9.18. The terminal point

R=a+2r=(23,1)+2(1,1,2) = (4,5,5).

9.19. (a) 0°, 90°, 90°; (b) 45°, 45°, 90°;
(c) 90°, 90°, 180°; (d) arctan(1/+/3) = 54.7°, 54.7°, 54.7°;
(e) arctan(1/+/3) = 54.7°, 54.7°, 125.3°.

9.20. (a) The position vector of S is given by (a sketch of the points is helpful)

S =0P+ (PQ+ PR) = (1,1,0) + (0,0,1) + (0,1,1) = (1,2,2).
(b) The diagonal PS = PQ + PR = (0,1,2). Hence the coordinates of the midpoint are
OP +1PS=(1,1,0)+ 3(0,1,2) = (1, 2,1).
(c¢) As in (b) the midpoint of QR has coordinates
0Q+3QR=0Q+3(@Q5+QP)=(1,1,1) + 5[(0,1,1) + (0,0, ~1)] = (1,3, 1),

which has the same coordinates as the midpoint of PS.

The coordinates of the midpoints are:

A has coordinates OP + $ PR = (1,1,0) + 3(0,1,1) = (1, 2, 3);
B has coordinates OP + PR+ RS = (1,1,0) + (0,1,1) + 3(0,0,1) = (1,2, 3);
C has coordinates OP + PQ + 3QS = (1, 1,0) (0,0,1) + 3(0,1,1) = (1, 2, 3);
D has coordinates OP + $PQ = (1,1,0) + $(0,0,1) = (1,1, 3).

Hence ABCD is a parallelogram since AB = (0, %,1) DC.
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9.21. Since AB = (2,1,—1) and AC = (—4,—2,2), then AC = —2AB.
(a) Since AC is of the opposite sign to AB, then A is between C and B.
(b) If P is a point on the line, then OP = OA + AP = OA + AAB, where ) is a parameter.
(c) Asin (b)
(r,9,2) = A+ 1L,A+2,-A—1)=A(2,1,-1) + (1,2, —1) = MAB + OA,
which is the equation of the straight line.
9.22. (a) By the triangle law AB = b — a. Then
1

P 1——
OC:OA+§AB:a+2

(b—a) = %(a—s—b).

(b) As in (a)

(c) Asin (b)

9.23. Let OA =a and OB = b. -
(a) We are given that AU/UB = X where 0 < A < 1. Hence AU = AUB, and

OU=0A+AU =a+\XUB=a+ \b-0U).

Hence

g
S

= 1_)\(a—|—)\b).

(b) Since V does not lie between A and B, AV = ABA, where 0 < A < 1. Thus
OV =0A+ AV =a+ A(OV —Db).

Therefore

(c) If A > 1, then B is outside AB, in the direction AB.

9.24. (a) The vector (2,3,4) — (1,2,3) = (1,1,1) is a vector in the direction of the line. If r is the
position vector a general point on the line, then

r=(z,y,2) =(1,4,2) + AX(1,1,1), orz =14+ ANy=4+ X z=2+ A\

(b) From (a) A=z — 1=y —4 = z — 2. The equation of the line can be represented in the form
of two simultaneous equations
r—1=y—4=2z-2.

(c) Using the representation in (b), the line intersects the (z,y) plane where
r—1=y—4=-2, that is, at (—1,2,0).
Similarly, the line meets the (y, z) plane where
—1=y—4=2z-—2, that is, at (0,3,1).
(d) Using these points the equation can be expressed in the form

r=(-1,2,0)+v[(-1,2,0) - (0,3,1)] = (-1,2,0) + v(—1,—-1,-1).
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Two more equations for the line could be

r+l=y—2==z2

9.25. The position vector of P can be expressed as
r=Xa+(1-A)b=b+ A(a—Db).

Hence P describes a straight line through A and B.
Looking at the line through AB, if A < 0 then P lies on the extension of AB,if 0 < A< 1, P
lies between A and B, and if A > 1, P lies on the extension of BA.

9.26. The equation of a plane through the points a, b and ¢ can be expressed in the from
r—a=Ab-—a)+ pu(c—a).
(a) The plane is
r=(1,0,1) + A(=1,1,-1) + u(—1,0,0).

Hence
z=1—-A—pu, y=X z=1—-X\

Eliminate A between the second two equations gives the plane y 4+ z = 1: x can take any value.

(b) The plane is
r=(0,0,0)+A(1,2,-1) + p(2,2,2).

Hence
T=A+2u, y=2X+2u, z=-A+2u.

Eliminate A\ giving
T4+z=4p, y+2z=06u.

Finally eliminate pu:
3r—2y—2=0

which is the equation of the plane.

9.27. The coordinates of any point on the line are (1 +¢,2 4+ ¢,3 4+ t). The square of its distance
from the origin is

=y 2= (142 2+ 0%+ (3+1)% =14+ 12t + 3t2.

Then )
d(r
= 12 + 6t,
dt +
which is zero where t = —2. The distance is a stationary minimum since the second derivative is

6 which is positive. The minimum distance is /(14 — 24 + 12) = /2.

9.28. The unit ve
(a) (A, 2 (0) (3,2, 9);

=

ctors required are +a/|al.

E\%

VAR rry
() +(- L, T 25 () (L, — 2, L,
(6) (2 1),
9.29. (a) The vector is (=21 +3j + k) — (i+j+ k) = —3i + 2j + 4k with length /29.

2
(b) 2i — 3j — k, and length /14.
9.30. The vector equation of the line is

r=(i—j+2k)+\(2i—2j — 3k).
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Ifx=0,thenl1+2\X=0o0r A\ = —%, in which case r = %IA{ The i andj components are both zero
which means that the line cuts the z axis.

9.31. A square bounded by the 4 lines +x + y = 1.
9.32. An octahedron bounded by the 8 triangular faces +z +y + 2z = 1.

9.33. The centre of mass is at

j— 1k

W=

F=1[1(1,1,2) +2(~2,3,5) + 3(0,3,2)] = (3,16, -2) = —1i+

wloo

9.34. The vector equation of the line is r = (1,1,1) + A(1,2,—1). The line meets the plane where
2=z—y+z=014+XN)—-(1+20)+(1-X0=1-2\

Hence \ = % Therefore they intersect at %i +4j — %f{

9.35. The aircraft’s path is given by the position vector

r = i[P + Rcos(Vt/R)] + jsin(Vt/R) + Hk.

9.36. Let OA and OB be unit vectors in the directions of a and b. Thus

R a r— ~ a
OA=a=—, OB=b=—.
|al bl

If C is the midpoint of AB, then OC' bisects the angle AOB. Hence
i 1 1/ a b
OC=0A+-AB = —(b—a)=-(—+— ).
#5788 =at56-0=5( 5+ )
9.37. (a) For A: its path is given by
ra = 0.41i + 148tj + 0.99k,
which describes a straight line since the components are linear in t. The velocity of A is

dr 2
= — = 148j.
VAT w J

Hence its speed is 148 km.hr~!. For B: its path is given by
r = 100ti 4 250tj + 250tk,
which also describes a straight line. The velocity of B is

dr

=4 = 100i + 250j + 250Kk.

VB

Its speed is /[100% 4 250% + 2502] = 150v/6 ~ 367 km.hr~!.
(b) Let S(t) be the distance between A and B at time ¢. Then

S(t) = /[(100t — 0.41)2 + (250t — 148t)? + (250t — 0.99)?].
We require the minimum value of S(t), which is the same as that of [S(¢)]2. Differentiate [S(¢)]*:

d[s®)?
dt

which is zero when ¢ = 0.0035 hr=12.6s. The minimum distance is 5(0.0035) = 0.38 km, which is
a close encounter for aircraft.

= 200(100t — 0.41) + 2 x 102 + 500(250¢t — 0.99),
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9.38. (a) The position vector of B relative to A is rp —ra4. The velocity of B relative A is

g[r _r}_(h;B_(h;A
at P AT T T A

(b) For the given points A : (t, —t2,t) and B : (t3,2t%,1 + 3t), the velocity of B relative to A is

%[(t — )i+ (=2 = 22)j + (t — 1 — 30)k] = (1 — 3t?)i — 6] — 2k.

The velocity of A relative to B is the vector in the opposite direction, namely

dry drp ons N .

— — — = —(1 - 3t7)i + 6tj + 2k.

@ a Ji+ 6+
(c) The relative speed is v(t) = /[(1 — 3t?)® + 36t% + 4]. Since v(t) is never zero, any stationary
point of v(t) occurs at the same time as any stationary point of [v(¢)]?. Hence

d

&[’U(t)]Q = 12t(5 + 3t?),

which is zero only when ¢ = 0. The stationary value is a minimum since the second derivative is
obviously positive.

9.39. Given r = ia cos wt +j sin wt, the velocity and acceleration are given by

dr N R
v = T —iaw sin wt 4 jbw cos wt,
dv N R
a= T —iaw? coswt — jbw? sinwt = —w?r.

Hence the acceleration vector is in the opposite direction to r at the particle, and must, therefore,
be directed towards the origin.

9.40. The first and second derivatives of r = sect and 6§ =t are
7 =secttant, ¥ = 2sec3t—sect, 9:1, 6 =0.
From Example 9.15, the radial and transverse components of acceleration are given by

d2 . .. .
dT; = (7 — r0*)é, + (10 + 270)ép = 2secttan’t &, + 2sect tant &y.

9.41. Given r = ia coswtsin vt + jasin wt sin vt + k cos vt,
Ir|> = a®cos? wtsin® vt 4 a? sin® wt sin® vt + a? cos® vt,

2 2

= a’sinvt+a’cos’vt =a

The velocity is given by

dr . . .
V=g = ia(—w sin wt sin vt + v cos wt cos vt)
+ja(w cos wt sin vt + v sinwt cos vt) — kav sin vt
Its magnitude is
lv| = a[(~wsinwtsinvt + vcoswt cosvt)?

. . 2 2 .. 2 1
+(wcoswtsin vt + vsinwt cos vt)” + v sin” vt]2

= a(® +w?sin®vt)? = o(t), say.
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To find the minimum and maximum speeds differentiate v(¢) with respect to ¢:

dv(t)  aw?vsinvtcoswt
dt (V2 + w?sin® vt)2

This zero when sinvtcosvt = 0, that is when ¢t = 0, =, X, 3% At t = 0 and t = =, the sign of

Y20 v 2w

dv/dt changes from negative to p031t1ve as t increases through these values of t. Hence they are

both minima, and they occur at r = +ka, the highest and lowest points of the sphere. Similarly,

maxima occur at the times ¢t = =~ and ¢t = 3—” At these times the k component of r is zero which

means that the maximum speeds occur on the equator of the sphere.
Chapter 10: The scalar product

10.1. (a) (2,2,1)-(3,1,2) = 10; (b) (2,-3,2) - (~2,3,—1) = —15;

(c) (2,2,-3) - (—1,1, 2) 6; (d) (2,3,4) - (1,-2,1) = 0;

e)p—ap+ap) P+a,q,-p—q9 =0 —¢)+aep+q +p(—p—q) =0.

10.2. (a) (2,3) - (3,4) = 18; (b) (1,0) - (0,1) = 0; (c) (5,6) - (0, —4) = —24; (d) (2,3) - (3, —2) = 0.

10.3. By (10.1c)

la+b?+la—bl> = (a+b)-(a+b)+(a—b)-(a—b)
= a-at+a-b+b-a+b-b+a-a—a-b—b-a+b-b
2a-a+2b-b=2(|a]* + |b[?),

using (10.1c) again.

10.4. (a) (2,-3,4) - (~1,-2,3) = 16.

(b)a~b:( 3_]+4k) (— 1—2J+3k) —2+6+ 12 = 16,
sincei-i=1, i .]70 and so on.

10.5. Given that a=1i+2j—k, b=1i+3j+k,

()a b = (1727_1)(1a3a1):67

( )( ) (a+b):(0,71772)'(27570):75;

E ))( b)-(a—b)=(0,—-1,-2)-(0,—1,-2) = 5;

a-a+2-b+b-b = (1,2,-1)-(1,2,-1) +2(1,2,—1) - (1,3,1) + (1,3,1) - (1,3,1)
= 6+12+11 =29,

or note that it is the same as |a + b|%.
(e) (a-a)b—(b-b)b=6(1,2,—1) — 11(1,3,1) = (6,12, —6) — (11,33, 11) = (=5, —21,—17)
10.6. Use (10.4) which states that the angle 6 between a and b, in the range 0 < 6 < 180°, is
given by

0 = arccos a-b

= ar —_

|af[b]
(a) 6 = arccos[2/(v/3v/2) = 35.3°;
(b) 6 = arccos 0 = 90°;
(¢) @ = arccos[(2 — 3 + 6)/(v/14y/14)] = arccos[5/14] = 69.1°.
10.7. (a) arccos0 = 90°;

(b) 6 = arccos|(2 + 2)/(v/5V/5)] = arccos[4/5] = 36.9°;
(¢) 8 = arccos 0 = 90°.

10.8. Imagine a cube placed with the origin of coordinate axes at one corner, and with three edges
coincident with the positive directions of the axes. Assume that these three edges are represented
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by the vectors ai, aJ and ak (the cube has 81de—length a) The dlagonal joins the origin (0,0, 0)
to (a,a,a) which can be represented by the vector r = ai + aJ + ak. The angle o between this
diagonal and, say, the = axis is given by

o = arccos[ai - r/(a.aV/3)] = arccos[1/V/3] = 54.7°.

10.9. The position vector r of any point on the cone will be in the cone, and always make an angle
a with the axial unit vector a&. Hence, by (10.4a) the equation of the cone is

a-r=|r|cosa.

Let r = zi+ yj +zk,a= % - 73 - 7k and a = 60°. Then the cartesian equation of the cone is
(%7 _%7 _%) . (J},y, Z) = %\/(ajz + y2 + 22)7
or, after squaring both sides,
4(22 — 3y — 62)% = 49(z? + o + 2?),

or
3322 + 13y% — 9522 + 48zy — 144yz + 9622 = 0.

10.10. Let BC = a, CA = b, and AB = c. By the triangle law,
a= (_Lla_l)v b= (3707_1)7 c= (_23_172)'

In each case the scalar product gives the supplement of the corresponding internal angle. Thus,
o= BAC 8= CBA v = ACB then

cos(r —a) - D€ -8 8
= = = = - )
Blic] ~ ViV ~ 3710

c-a —1 1

cos(m — f3) = = =— ,
=0 = el = Vs~ ava
cos(r — ) = a-b -2 2

allb] ~ V310 V30

We can now find the internal angles;

a=325° [B=789° ~=068.6°

10.11. Using (10.1¢)

Jla+b?—Ja=bf’) = fl@+b)-(a+b)~(a-b)(a—b)

a-b

10.12. From the definition of the scalar product

F.a [F|la|cosf

= |F| cos b,
|al al

which is the component of F in the direction of a. Due regard to sign occurs since 0 < 6 < 7. For
each of the vectors

F-a

o —Fas (8,15,9) - (2,3,6)/7 = (16 + 45 + 54) /7 = 115/7;
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F-b=(81509)-(0,3,4)/7 = (45 + 36)/7 = 81/7,
F-¢=(8,15,9)-(2,2,1) = (16 + 30+ 9)/7 = 55/7.
Looking at the components in F = Aa + ub + vc, we have

8 =2\ + 2,

15 =3+ 3u + 2v,
9=06\+4p+v.

Now solve these equations by elimination: the solution is
A=-13/11, p=310/11, v =57/11.

Hence
— _ 13 30 57
F=—-{7a+ b+ 7c.

10.13. Form the scalar product of a and b:
a-b=(1,3,4)-(-2,6,—4) =0,

which means that the vectors are perpendicular.
The vector ¢ = cli + czj + 031A{ will be perpendicular to both a and bifc-a=0and c-b =0.
This will be the case if
c1 + 3co + 4c3 =0,

and
—2¢1 + 6¢g — 4e3 = 0.

We have two equations in three unknowns, so specify one of them: put, say, c3 = 1. Then

1+ 3co = —4, and — 2¢1 + 6¢y = 4.
Hence ¢; = —3 and ¢z = —%. The solution is any (nonzero) multiple of (=9, —1,3). Unit vectors
in the directions of ¢ and —C are

(-9,-1,3) 1

é:i\/(81+1+9):\/sﬁ'

10.14. By (10.4), the angle is given by

1,1,-1)-(2,-1,2
arccos —— 2})\/(3’ %) = arccos[1/4/3] = 101.1°.

Let ¢ = c1i + CQj + ¢sk be a vector perpendicular to both a and b. Then we must have
c-a=c-b =0, which in component form become:

c1+c—c3=0, and 2¢; — ca + 2¢3 = 0.

These are two equations in three unknowns, so specify one component, ¢; = 1, and solve the two
equations for c; and c3. The resultAis C2 = —fl, c3 = —3. Hence any vector which is perpendicular
to both a and b is any multiple of i — 4j — 3k.

10.15. The two vectors are perpendicular if
(A2,-1)-(1,1,-3\)=A4+24+32=2+41=0.

1

5

Hence A = —
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10.16. The three vectors are mutually perpendicular if b-c=c-a =a-b = 0. Hence «, 3, and
~v must satisfy
—2420—-6y=0, 2a4+2+9y=0, —a+43-6=0.

By elimination the solutions are

a=-—2 0=

BN
Gl

;Y=

10.17. The vectors giving relevant edges of the tetrahedron are
E:(_171a0)7 @:(_172/72)7 ﬁ:(07y_172)7
BC =(0,0,1), DC=(0,1—y,1—2).

Then BCD is a right angle if BC - DC = (0,0,1)- (0,1 —y,1—2) =1 —z = 0. Hence z = 1. The
triangle ABD is equilateral if AB = BD = DA, that is, if

V2= [+ -1 =V’ +2).
Obviously, y = 0. Hence D is the point (0,0, 1).

10.18. The axes are shown in the figure. For a general point (z,y) whose coordinates are (X,Y)
in axes rotated through an angle o anticlockwise

y
Y 3 X

2

1

-2 -1 U X
-1

Figure 4: Problem 10.18

r=Xcosa—Ysina, y=Xsina+Y cosa,

or solving for X and Y

X =xcosa+ysina, Y =—xsina+ ycosa.
i — 4K° . — 1 — 91 191
(a) Given a = 45 andP.(x,y)—(QQ)X—2f+2 =2V2,Y = 25 +255=0.

(b) I Q: (X,Y)=(1,-1), then z = - + 5 = =2, y= =75 =0

(c) Express « and y in terms of X and Y in the equation of the circle. It becomes
2 2
1 1 1 1
—X-—=Y-1] +|—=X+—=Y| =1,
(-7 ) (55
which can be simplified to
1)° 1)’
X-—=] +(Vv+-%=) =1
(-%) (%)

10.19. The lengths and direction cosines are (a) 1, (0,1,0); (b) v/3, (
(C) 37 (%a_%a_%)a (d) \/57 (%7_%7 %)1



10.20. (a) Check the scalar products:
19Y - 19Z = (15,-10,6) - (10,6, —15) = 150 — 60 — 90 = 0,

19Z - 19X = (10,6, —15) - (6,15,10) = 60 + 90 — 150 = 0,

19X - 19Y = (6,15,10) - (15,—10,6) = 90 — 150 + 60 = 0.
They are all zero: hence the vectors are mutually perpendicular. They are also all unit vectors
since for each 62 + 152 4 10% = 361 = 192.

(b) The base vectors for OXY Z are I = (6,15,10)/19, J = (15, —10,6)/19, K = (10,6, —15)/19.
Hence using (10.13a)

X 1 6 15 10 z
Y | = T 15 —10 6 Y
|z 10 6 -15 || z |
Similarly ) )
T 1 6 15 10 X
V=19 15 —10 6 Y
2 0 6 —15 || Z
(c¢) From (b)
X 1 6 15 10 1 1 56
—— |15 -1 2 | ==
19 5 0 6 19 7

Z 10 6 —15 2

(d) The plane x + y + z = 0 in the new coordinates is
[(6X + 15V +10Z) + (15X — 10Y + 62) + (10X + 6Y — 152)]/19 = 0,

or
31X +11Y + Z = 0.

10.21. The direction cosines are

3 4 12). 6 _ 10 15
(a) i(ﬁv 13 ﬁ)? (b) i(ﬁﬂ ~19» ﬁ)
10.22. We are given that for each particle with position vector r(t), its velocity is v = f(¢)r. Let
s(t) be the position vector of another particle. The velocity of the particle with position vector r
relative to that with position vector s is

d

Vo= =) = [ — [()s = f(t)(r =),

Hence the relative velocity obeys the same rule.

10.23. If a1, as and ag are the angles the vector makes with the axes then
cos? o + cos? oy + cos? a3 = 1.
In this problem cos a; = cos45° = 1/v/2, cosag = cos 60° = %, so that
%—l—cosQag—i— i =1, or cos® g = %.
Therefore cos ay = :l:%. Hence a makes either 60° or 120° with y axis.

10.24. The direction cosines are

(a) i(%’ 1%31,0%1)5.

(b) £(35: F9 > 19)-

10.25. (a) The coefficients of X give a vector in the direction of the line, namely (—1, 3, 1).

(b) The normal n to the plane is in the direction of the line. We can put n = (—1,3,1). Since the
plane passes through the origin, its equation is n - r = 0, that is, —x + 3y + 2z = 0.
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(¢) The plane passes through the origin. Therefore its equation takes the form pz + qy + rz = 0.
The plane must also pass through two points on the line. Choose obvious points, such as A = 1
giving the point (0,5,2) and A = —1 giving (2, —1,0). Therefore p, ¢, must satisfy

5q + 2r =0, 2p—q=0.
Put ¢ = 2 (or any nonzero value). Then p = 1 and » = —5.The equation of the is
x+2y—52=0.
10.26. The angle between the planes is the same as the angle between the normals. For any plane
ax + by + ¢z = p, the direction of its normal is the vector n = (p,q,r).

(a) From (10.22), the normals to the planes 2z — 3y + z = 2 and  — y = 0 are, respectively,
n; = (2,-3,1) and ny = (1,—1,0). If § is the angle between the planes then

n; -1 5 5

mflno| ~ VIdv2  2V7

cosf =

Hence 6 = 19.1°.

(b) The normals to the planes z +y + 2z = 0 and z = 0 are, respectively, n; = (1,1,1) and
ny = (0,0,1). If 6 is the angle between the planes then cos# = 1/v/3. Hence § = 54.7°.

10.27. Since the directions of the normals to the planes are given by a and b, the planes are
perpendicular if a-b = 0.

The direction of the normal to the plane z+y+z = 0is (1,1, 1), from(10.22). Any vector (p, q, )
is perpendicular to (1,1,1) if p4+ ¢ +r = 0. The set of all vectors perpendicular to the normal is
(p,q,—p—q) for any p and g. The set of all perpendicular planes is given by pz+qy— (p+¢)z =d
for any p, ¢ and d.

10.28. (a) The normal vector of the plane ax +by+cz = d is (a, b, ¢) (see (10.22)) which is a fixed
vector.

(b) The normal to the plane 2z +y — z = 2 is n = (2,1, —1). Since the line passes through the
origin, the position vector must be in the direction of n. Therefore r = A\(2,1, —1).

(¢) The point A(2,1, —1) must lie on the plane. Hence 4A+ A+ X = 2, so that A = § and the point
of intersection (2,1, —1). The length is \/[(4 + 1+ 1)/9] = /(2/3).

(d) The planes are parallel. The line meets this plane where 4\; + A1 + A1 = 1 so that A\ = %.
The point of intersection is (3, ¢, —). The distance between the planes is the distance between
the two points of intersection, namely

[EOREHRE)

10.29. The parametric equation for the straight line through q perpendicular to the plane is
r — q = Ap. The line intersects the plane p - r = d where

Y LN S ) S
V|9 36 36| V6

p-(Ap+q) = d, so that A= (d - p-q)/[p|*.
The line meets the plane at the point

P

|p|2 (d —P- q)

ry=q-+

The distance of @) from the plane is

vy —q|=|d—p-ql/p|=|p-a—d|/|pl|
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For the given point and plane q = (1,1,2), p = (1,2, —4) and d = —3. Using the formula above
the perpendicular distance is

p| V21 V21 Va1

10.30. (a) For the plane P; through A, —j + k will be the direction of its normal. Hence (see
(10.22)) its equation is
Or—y+2=0+1+3, or —y+2z=4.
Let the equation of P be ax + by + cz = d. It passes through A : (0,—1,3), B : (1,0,3) and
C:(0,0,5). Hence
—b+3c=d, a+3c=d, 5c=d.

Let d =5. Thenc=1,a=d—3c=2, and b = 3c — d = —2. The equation of P, is
20 -2y + 2 =29.

(b) The normals of P, and P; are n; = (0,—1,1) and ny = (2, —2,1) so the angle § between the
planes is
n; - 1o 241 1

mifne] ~ V2V9 0 V2

cosf =

Hence 6 = 45°.
(¢) The equation of the normal to P; which passes through the origin is (x, y, z) = An; = A(0, —1,1).
This meets P; where A + A\ = 4. Hence A = 2, so that the line meets the plane at (0,—2,2). The
perpendicular distance is /[(—2)? + 22] = 2v/2. (The result can also be found using the formula
in Problem 10.29.)
(d) The line OD is given by

r=A y=4X z=—4\

This meets P; where —4\ — 4\ = 4, that is where A = f%. Similarly the line meets P, where

2\ — 8\ — 4\ =5, from which it follows that A = —% again. Since A takes the same values on both
planes the points of intersection coincide, and the point must therefore lie on the line of intersection
of the planes.

(e) From (d), A = —3 at the point of intersection of L with OD. Therefore the point of intersection
has coordinates (—3, —2,2).

10.31. Since F - = |F||fi|cosd = |F|cosf (see (10.4)), it follows that the right-hand side is the
component in the direction n. Hence

F =F, + (F - n)n.

For the straight line 2o — 3y = 1, we can choose § = (3,2)/v/13 and 1 = (2, —3)/v/13. Then

22 33

F,=(F-n)n=( A v = (5. -5%)

The other component F; is given by
F.=F F =(1 3 22 33\ 9 6
s — n — ( 9 ) ( ) — ( 13> 13)~

137 13

10.32. (a) The component of @ in the direction § is

so that
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So

60 ] (] S

Figure 5: Problem 10.32

The vector 11y is &1 with the n component reversed. Thus
U =0, — 0, =—u+2(ia-8)s.

(b) In this example, § =i, i = j, and & = ﬁi + %j Therefore, by (a),
= (i) e2 (- S S
Vo RS ¢2 V2 T
=i

a= —icos@—jsine.
Using (a)
0y =icosf + jsinf + 2(—cosh)i = —icos + jsin 6.

For the second reflection, s, = %i + ‘éSj, np = ‘/31 -z J Therefore

a = 10059—Jbln9+2(—70059—|—‘/3sm€)(%§—|—§j)
= ( c050+ % sin0) + j(— %COSG+§SIHQ)
= icos(f —60°) + jsin(d — 60°).

10.33. For one point choose z = 0. Then y + z = 2 and y — 2z = 1. Solving these equations
5

y =3 and z = % For the other point choose z = 0. Then z +y = 2 and 2z + y = 1. solving
these equations z = —1 and y = 3. Two points on the line of intersection are a = (0, g, %) and
b = (-1,3,0).

(b) A vector equation of the line of intersection (see Example 9.9a) is
r=b+Aa—b)=(-1,3,0)+A(1,—3,3).
(¢) A cartesian equation can be written down from (b):

x+1 3
1 _

[SVIIN
ww\ IS

10.34. Select any two points on the line of intersection of 2x + 3y — 2z =1 and = + y + z = 0; say
a=(0,7,—1) and b= (%,0,—3). From(10.25) the line of intersection can be expressed as

Y- ztj
_ -y

1 1
3 4 1

(Note: an infinite number of alternative expressions may be obtained.)
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10.35. Let (p, ¢, 7) be a vector in the direction of the line of intersection. If the vector is parallel to
both planes it must be parallel to the line of intersection, and it must also therefore be perpendicular
to both normals of the planes. Hence

2p+3q—2r =0, p—3q+2r=0.

One obvious solution is p = 0, ¢ = 2, z = 3. Hence direction ratios in the direction of the line of
intersection are 0,2, 3 or any non-zero multiple of these numbers.

10.36. The plane P, with normal vector n; = j + k is y + 2z = d. This plane passes through
B:(—1,-2,0) if —2 = d. Hence P; has the equation y+ 2z = —2. The plane P, with normal vector
ny = 2i — j + 3k is 22 — y + 3z = h. This plane passes through C : (=1,0,3) if =2+ 9 = h. Hence
h =7, and P; has the equation 2z —y+32z = 7. The vector AC = (—1,0,3)—(—1,-2,1) = (0,2,2),
which is a multiple of nj, the normal of P;. Hence AC' is perpendicular to P;.

10.37. The vector (p,q,r) is perpendicular to both (a1, b1,c1) an (ag, ba, c2), the normals to the
two planes, and therefore must be parallel to the line of intersection. The components p, q,r are
possible direction ratios for this line.

10.38. Let the line EQ meet the screen at the point (X,Y, Z). Then, comparing directions,

X-1 Y-1 Z-1_

= = =\
z—1 y—1 z—1

The point (X,Y, Z) lies on the plane 1.1z + 1.1y + z = 1 if
L1+ XMz = D]+ L1+ Xy — D]+ 1+ A1+ Xz —-1)] =1,

Hence
1.2

A=— .
llz+11y+2—3.2

The apparent position is
I+ (@-DAN1+(y—1A 1+ 20).

10.39. Pythagoras’ theorem for an increment of arc-length gives
(85)% ~ (6x)* + (dy)>.

Divide through by (§t)%and let 6t — 0 (and take the square root):

% — ¢[<j§>2 + (‘E)j = /[a®sin? t + b? cos® 1].

The unit tangent vector is

gfﬁfﬁﬁ, (—asint,bcost)
Cdt dtds  /[a2?sin®t 4 b2 cos?t]’

A vector normal to t is .
dt  ab(—bcost,—asint)
n— — _

Cdt (a2sin®t + b2 cos?t)3

A unit normal is
(—bcost, —asint)

n= :
V(a2 sin®t + b2 cos? t)

The curvature & is given by
dt .
— = KN
ds
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Hence
ab

K= —
(a? sin” t + b2 cos? t)

3
2

The radius of curvature ,
p=1/|k| = (a®sin®t + b* cos® t)2 /(ab).

At t=0, )
t=1(0,1); n=(-1,0); r=a/b?; p=>*/a
AttZiT{',
_ _h 3 2 24\ 3
i (—a,b) A= (-0, a); . 22ab . p:(a —l—b)z.
V@ PV C @t P ot
Att:%ﬂ,

t=(-1,0); a=(0,-1); k=0>b/a* p=ad?/b.
10.40. With z as the parameter, the arc-length satisfies
ds
R 1 / 2
=Vl @)

(since ds? = §2% + 6y?). The unit tangent vector is

dr  drdz i+ f(x)j

W T @ Vit P

A normal vector n is given by

L b —f @ @i @)

S @2
Further . ) R
A —f@f @i @ a
ds [1+ f/()?]? [+ ()]
Hence

k=—f"(z)/[L+ f'()]3,

(the sign of  depends on the direction of the unit normal).
(a) For the parabola y = 22, f(x) = 2. Hence

k=2/(1442%)%.
(b) For the cosine curve y = cosz, f(z) = cosz. Hence

K= fcosz/(1+sin2x)%.

Chapter 11: Vector product

11.1. Given a = (1,-2,2), b=(3,—-1,—1), and ¢ = (—1,0,—1):
(a) axb=(4,7,5); (b) bxa=(—4,-7,-5); (c)axa=0;
(d)a-(bxc)=-9;(e)c-(axb)=-9;(f)b-axc)=09;

(g) (axb)-b=0; (h) ax(axb)=(-24,3,15);

(i) (e x b) x a= (—6,3,6).
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11.2. The vector n; X ny is a vector perpendicular to both normals n; and nsy, and therefore must
be in the direction of the line of intersection of the two planes. Hence the required plane must
have this vector as its normal, and since it passes through the origin it can be represented by

r-(n; xny) =0.
11.3. (a) r=a+ A(b x ¢), since (r —a) -b = Ab - (b x ¢ =0, and similarly (r —a) - ¢ = 0.

(b) r=(1,2,1) + A(1,—1,0) x (0,1,1) = (1,2,1) + A(=1,—1,1).

11.4. The vector a is perpendicular to the plane r - a = d, and a x u is perpendicular to a.
Therefore a x u is parallel to the plane.

In this example a = (2, —3,—1). Choose two simple vectors for u, say, u; = i and uy = j, in
which case two parallel vectors are

axu =(2,-3,—1) x (1,0,0) = (0,1, —3),
axuy=(2-3 —1)x (0,1,0) = (-1,0, —2).

11.5. Since, by (11.8),
|a x b| = |a||b]|sin 6,

the vector product will be zero ifa=0or b=0or § =0 or § = 180°.
11.6. The vectors a = 2i + 3j + 6k and b = 6i + 2j — 3k are perpendicular since

a-b=(2,3,6)-(6,2,-3)=12+6—-18 =0.
The vectors a, b, ¢ form a right-handed system if

c=axb=(23,6)x (6,2,—3) = (—21,42, —14).

11.7. (a) Two sides are AB =b —a and CA = ¢ —a. As in Example 11.2 the area of the triangle
ABC'is

1 1
§|(b—a) x (c—a)| = §|b><c—a><c—b><a+a><a|
1
= §|c><c+c><a+a><b|
(b) The first vertex a is moved to a+ Aa(b — ¢) which is the same distance as a from the side BC.
In other words the height of the triangle on the same base is the same as that of ABC'. Hence the

area will be the same as that of ABC.
(c) In (a) take a = (1,-2,—1), b=(1,-1,2) and b = (1,—1,2) and ¢ = (1,2, —1). Then

1
Area = Z|(1,-1,2)x (1,2, -1+ (1,2= 1) x (1,-2,-1) +
(1,-2,—1) x (1,-1,2)].
= (6,0,0)

11.8. Let E be the foot of the perpendicular from D on to the plane, and let § be the angle
between AD and DE. The vector b x ¢ is a vector in the direction of ED. From a property of the

scalar product
d- (b xc)=|d||b x c|cosb.

Since ED = |d| cos 6, the required perpendicular distance is (taking account of the possibility that
cosf < 0)
ED=|d-(bxc)|/|bxc|
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11.9. The answer is essentially given by equation 11.11. Let
a:@: (1 —T0,y1 — Yo,21 — 20), b :@: (T2 — %0, Y2 — Yo, 22 — 20),

C:@Z (xs—mo»y:s—yo,zzs—zo)-

By (11.1) and (11.10), the volume V of the parallelepiped is given by

V=la-(bxc)|=|det A,

where
r1 — g X2 —2Ty9 I3 — To
A1=|v1—Y% Y2—Y% Ys—Y |,
21 —20 R2 TR0 *3— R0
after a transpose between rows and columns in the determinant: this does not affect the answer.

11.10. (a) Let a, b, ¢ be any three given vectors, no two of which are parallel, and let v be an
arbitrary vector. We may express v in the form

v=Xa+Yb+ Zc,

by choosing the coefficients X, Y, Z suitably. (X, Y, Z may be called the components of v in
terms of the oblique axes a, b, ¢, which need not always be unit vectors.) The components can
be worked out as follows.

Form the scalar product of v with b x ¢. Since b- (b x ¢) and c- (b x ¢) are zero by (11.10d),
we obtain

v-(bxc)=Xa-(bxc).

Therefore
X:V-(bxc)
a-(bxc)
Similarly
Y:v~(c><a)’ Z:v~(a><b).
a-(cxa) a-(axb)

(b) For the given vectors a = (1,1,0), b = (0,1,1), ¢ = (1,0, 1),
D=a-(bxc)=2,v-(bxc)=1,v-(cxa)=1,

v-(axb)=1.
HenceX:Y:Z:%.

11.11. Let v = (v1,v2,v3), a = (a1,a2,a3), etc. Hence
V1 = alX + b1Y + ch,

vy = as X + bY 4+ 27,
v3 = a3X + b3Y + c3Z.

Let
ap by ¢ vy b ¢
D=|ay by co|, Di=|wv2 by c2 |,
a3 bz c3 vz bz c3
a v G a b
Dy=|az v2 ca|, D3=|az by v |,
a3 v3 c3 a3 by w3

By elimination, it can be shown that

X=D,/D, Y =Dy/D, Z=Ds/D.
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11.12. (a) fv=X(b xc)+Y(cx a)+ Z(ax b), then the scalar multiplication of v by a, b and
c leads to
a-v=Xa-(bxc),
b-v=Yb-(cxa)=Ya-(bxc),
c-v=Zc-(axb)=Za-(bxc).
In these results we have used (11.10d) and (11.10b).

(b)a-(bxc)=-6,v-v=1,b-v=4,c-v. Hence X =,V =-2, Z7=-2.

11.13. (a) The line L; is in the direction u and L is in the direction v. The vector product of
these vectors is perpendicular to both. Therefore, let w = u x v.

(b) The position vector (a+ Au) is a point on L; and (b + uv) is a point on La. The difference is
a vector joining the two points, which will be perpendicular to both if it is in the direction of w,
that is, if

(b+ uv) — (a+ Au) = vw.

This represents three equations for the three unknowns A, p, v.

(c) The equation in (b) becomes
(17 _1a 0) + /’L(la la 1) - (_17070) - A(Ov Oa 1) = V(O7Oa 1) X (1’ la 1) = V(_la 170)

Equating components and solving: A\ = —%, = —%, v = —%. Hence, the end-points of the
perpendicular line are

a; =a+Au=(-1,0,0)— £(0,0,1) = (—1,0,—%) on Ly,

and
by =b+puv=(1,-1,0-1(1,1,1)=(3,-2,—-3) on Lo.

A vector equation for Lg is
r=a;+ruxv=(-1,0-1)+v(-1,1,0).

The perpendicular distance is by — a;| = 3v/2.

11.14. If the position vector of P is r then the moment M of the force F about the point ) with
position vector a is given by M = (r —a) x F.

(a)

ij k
F=|0 3 0|=—6k
2.0 0
(b) o
i j k
F=|0 3 -3 |=—6j—6k
2 0 0
(c) S
i j k . A
F=|0 -3 -3 |=-—6j+6k
2 0 0

11.15. Since the magnitude of F is 4, and a unit vector in the given direction is %(i —2j— 21})7

F = 2(i—2j - 2k).
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(¢) The component is j - (R x F) = (0,1,0) - 3(6,4,—1) = 1% in case (a).

11.16. The moment about an axis in the direction § is § - (R x F).
(a) § = k. Hence, using (11.10a),

§-RxF)=

(@)
w
O O =
Il
\

D

(b) § = —k. Hence

SRxF)=|0 3 0|[=6.

(c) § = i. Hence

>

"RxF)=|0 3 0|=0.

(d) § = j. Hence

§RxF)=|0 3

o
Il
o

(e) s = \}31 + %j + %f{ Hence

o

§.(RxF)= —

1
0| =-23.
NE 0 V3

[\
o w

11.17. The axis AB is in the direction (1,1,1) —(2,3,2) = (—1,—2,—1). The unit vector in the
direction AB is § = (—1,—-2,-1)/+/6. Let

R, = AP = (2,-3,1) — (2,3,2) = (0, =6, —1),

R, =BP =(2,-3,1) — (1,1,1) = (1, -4, 0).
Then the moment about AB using point A is

1
s R xF)=—| 0 6 —1|=-".
VB g VB

The answer can be checked using the alternative point B:

-1 -2 —6

1
§ RoxF)=—| 1 -4 0]|=—".
VA E T T VA

Any point on point X on AB is
r=-0A+ ) AB = (2,3,2) + A(—1,-2,-1).
A vector in the direction PX is
R3=1(2,3,2) + AM(—1,—-2,-1) — (2,-3,1) = (0,6,1) + A\(—1,—2,-1).

The component of F in this direction will be a multiple of Rg, and its vector product with Rg will
be zero which means that its contribution to the moment will be zero.

35



11.18. The moment of F at r about an axis through the origin in the direction § is
M=s5-(rxF).
In this formula r x F is fixed. Taking the magnitude of M,
M| =|§- (r x F)] = |8]|r x F|cosf = |r x F|cosb.

This is a maximum when 6 = 0, which occurs when § is in the direction of r x F.

11.19. (a) A point P on the lamina has position vector
v =r = rcosbi+ rsinbj,

where r is constant. The velocity of P is

i = —rsin@0i+rcosf Qj = —jwrsind +jwr cosf.
(b) If w = wk, then
i ik ) A
v = 0 0 w | = —iwrsinf + jwr cos 6.
rsinf rcosf 0

(c) Let OP =r and OQ = q. We are given that R = QP, so that, by the triangle law,
r=0P=0Q+QP=q+R.
The velocity of P relative to @ is

R=f-q=wxr—-wxq=wxR.

11.20. Let a point P of the body have position vector r. Let @) be the foot of the perpendicular
from P on to the axis of w, and let # (0 < 6 < 7) be the angle between r and w. Since OP
is constant, the point P must move perpendicular to OP (follows since r - ¥ = 0), whilst since
QP is constant P must move perpendicular to QP. To satisfy both conditions P must move
perpendicular to w.

Since v is perpendicular to both w and r, it follows that v = kw X r for some value of the
constant k. Taking the magnitude of v,

|v| = |k||w]|r| sinf = |k|wPQ.

Since w is the angular rate, it follows that |k| = 1. in order that v, w, and r form a right-handed
system of vectors, we must put k = 1.
Let w = (w1, wsa,ws). From the vector product expansion,

V=wXr=(2wy — Yws, Tw3 — 2W1, Yw) — TWa).

This can be expressed as the matrix product

0 z -y w1
v=| —z 0 x wy | or Sw,
Yy - 0 ws

interpreting v and w as column vectors. Note that S is a skew-symmetric matrix (see Section 7.3).

Still using matrix notation
v|* = vlv =w’S5TSw,
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(use the rule for transpose of a product given in Section 7.3). Finally

0 —z 0 z =y y? + 22 —TyY —2T
STs = z 0 —x -z 0 T = —zy 2242 —yz
-y x 0 y —x 0 —2T —yz y? + 22

11.21. By the definition of the vector product a x b is perpendicular to both a and b. Also
a x (a x b) is perpendicular to both a and a x b, and must therefore lie in the plane of a and b.
A similar argument can be applied to b x (a x b).

11.22. Use the identity (11.18) for the vector triple product in two different expansions. In the
first
v=(axb)x(cxd)=[axb) -dlc—[(axc)-c|d,

which confirms that v lies in the plane of ¢ and d The coefficients are
m=(axDb)-d, n=(axb)-d.
Similarly
v=—(cxd)x(axb)=—[(cxd) -bla+][(cxd)-a]b,

which confirms that the vector also lies in the plane of a and b.The coefficients are
p=(cxd)-b, g=(cxd)-a.

Suppose that the vectors a, b, ¢, d are all drawn from the origin. Then v lis in the direction of the
line of intersection of the plane through a and b, and the plane through c and d.

11.23. Use (11.18) repeatedly:

ax(bxc)=bx(cxa)+cx(axb)=
(a-c)b—(a-b)c+ (b-a)c—(b-c)a+ (c-b)a—(c-a)b=0.

11.24. (a) The vector n x b is perpendicular to n and b. The vector n x (n x b) is perpendicular
to n and n X b and is also in the plane of n and b.
(b) The straight line

r=b+un x [(a—Db) x n]

passes through r when p = 0.
Do the lines intersect? Can we find values of A and p for which this occurs? Consider the
difference of the position vectors of the two lines:

b+ un x [(a—b x n] — [a+ An]
= b+un-nla—b)—yun-(a—b)ln—a—An
— (m-n—T)a—b)—[\+m:(a—b)n
0

if u=1/(n-n) and A = —un - (a —b). We can find solutions for A and p which means that the
lines intersect. The lines must be at right angles since the scalar product of their directions is

n-{nx [(a—b)xn]} =0,

by (11.10d).

11.25. Let N be the closest point to the origin on the line of intersection. The direction of the
line of intersection is perpendicular to both normals n; and ns, that is in the direction n; X ns.
Also ON is perpendicular to the line of intersection so that ON - (n; x ny) = 0. The two vectors
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(n; X ny) x n; and (n; X ng) X ny are not parallel, and ON can be expressed in terms of these
two vectors:

OiN = Oé[(l’ll X 1’12) X 1’11] +ﬂ[(l‘l1 X IIQ) X Ilﬂ.

To obtain « and [, substitute this position vector into the equations for the planes:
6[(111 X IIQ) X IIQ] ‘N = dl,

a[(nl X 1’12) X 1’11] ‘g = dl-
Alternative forms can obtained by using formula (11.18) for the vector triple products.

11.26. Given H = (r — q) x (mv),

T |G < eea xS
= [(v—u)xmv]+ (r—[q) X F]

= —[muxv]+[(r—q) xF],
using v X v = 0 and Newton’s law F = m(dv/dt). If u =0, then

%:(r—q)xF:M,

the moment of F about Q.

Chapter 12: Linear algebraic equations

12.1. Generally Cramer’s rule (Section 12.1) is not a recommended way of solving linear equations
but it can occasionally be useful as a formula. For some problems just the answer is given.

(a) Given

T + x3 = 1
T2 — I3 =
21’1 + X2 = -1
Let
1 0 1 1 1 1
Dy = 1 —1|=5 Do=|0 3 —1|=-09,
-1 0 2 -1 0
1 0 1 1 0 1
D;=|0 1 3|=-6, D=0 1 -1 |=-1
2 1 -1 2 1 0
Hence the solution is
D, Dy D3
T D ) T2 D 9 €3 D
(b) The solution is x1 = %, To = 725—1, T3 = 73—56.
(¢) The solution is z1 = 1, 9 = —1, 23 = —5.
(d) Given
ry + Tro + r3 = 1
ar1 + bxe +  cxz =
a’z; + b¥zy + Fxz = &
Let
1 1
Di=|d b c¢ |=(0b-c(c—d)(d-»),
d2 b2 62
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1 1
Dy=|a d c¢ |=(d-c¢)c—a)la—d),
a®> d?
1 1 1
Ds=|a b d|=(0b-d)(d—a)la-0),
a? b &2
1 1 1
D=]|a b ¢ |=0b-¢c(c—a)la—D).
a®? b 2
The solution is
(¢ —d)(d—Db) (d—c)(a—d) (b—d)(d—a)
1= 7~ 3 T2 = 77—~ 1\ T3 = 73—~
(c—a)(a—Db) (b—c)(a—1b) b—c)(c—a)
provided a, b, c are all different.
(e) The solution is 21 =2, xo = —1, x3 = 2, 24 = 2.
12.2. Given the equations
diy — iy — iy = 12 ()
—i1 — Riy = 24 (i) ,
i + 5iy = —12 (iii)

io = (24 4 41)/R from (ii), and i3 = (—12 — i1)/5, from (iii). Substitute i; and i5 into (i):
dis + £(2440y) — 2(—12— i) = 12.
R 5
Hence
i\ - 242R-5) . 552 . 12(5R-1)
21R+5 7 21R+5
If io = 2 amps, then R =1/51.

2T TR+ BT

12.3. (a) The augmented matrix is

1 2 1 3 1 2 1 3 (rhy = 19 — 571)
1 =3 24| - |0 =51 1 (r?:”_;l)
5 5 6 1 0 -5 1 —4 | V3TN
1 2 1 3
— 0 -5 1 1| (rg=r3—re) .
|0 0 0 -15
By row 3 the equations are inconsistent.
(b) The augmented matrix is
1 1 1 0 2 (1 1 1 0 2
101 23| |0 =1 02 1| (h=ra—r)
1 101 4 0 0 -1 1 2| (h=rs—mr)
0 -1 2 0 2 | 0 -1 2 0 2
[ 1 1 1 0 2
O I S O S,
0 0 -1 1 2 4T
0 0 2 -2 1
[ 1 1 1 0 2
0 -1 0 2 1
~ lo 0 -1 1 2| Fimrat2)
|0 0 005

w
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By row 4 the equations are inconsistent.

(¢) The augmented matrix is

110001 11000 1
011001 01100 1
001101|=|l00110 1],
000111 00011 1
1 35 7 41 00000 —9

after the following sequence of row operations
rh=r5—1r1, rE=r5—2r0, 7rLi=r5—23r3, rL=r5—4ry.

From row 5 the equations are inconsistent.

12.4. The equations are

r + y - z = 2
2t + 3y + =z = 3
5 + Ty + az = b

Using row operations on the augmented matrix,

11 -1 2 11 -1 2 )

23 13| - |o1 3 ~1 (ry =72 —2m)
5 7 a b (0 2 at5 b10 | BA=Te=0)
(11 -1 2
— 01 3 -1 (rf =13 —2r3)

(00 a—1 b-38

(i) The equations have a unique solution if a@ # 1, in which case z = (b —8)/(a — 1) and z and y
can be found by back substitution.

(ii) The equations have no solutions if and only if @ = 1 and b # 8.

(iii) There is an infinite set of solutions if @ = 1 and b = 8, in which case

z=A y=—-1-3\, z=3+4+4\

12.5. Row operations on the augmented matrix give

1 -1 21 (1 -1 2 1 =y 1)
1 1 3 2 0o 2 1 1 277270
1 2 13| 7 |o 3 -3 2| s=rsom)
1 -2 6 0 0 -1 4 -1 | (a=ra=m)
1 -1 2 1
0 2 1 1| (rh=r3—23m)
- 0 0 —% % (ry=rs+ g’l“g)
L0 0 3 —3
(1 -1 2 1
0o 2 1 1 .
- 9 1 | (ry=rs+rs)
0 0 -3 3 !
0 0 0 0

Row 4 is consistent, and the solution can be found by back substitution:

1

— _ 5 _ 16
Z="9» Y=49» T="g-
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12.6. The augmented matrix is

1 1 1 -1 10 10
1 -1 -1 0O 1 |—-|0 -2 =2 1 -9
4 -2 -2 -1 5 0 0 0 0 -5

—
—_
—
|
—

after the sequence of row operations
!/ !/ !/
ry =19 —T1, T3=713—4r1, 7r3=173—3r2.
By row 3, the equations are inconsistent.

12.7. Transform the augmented matrix by row operations into echelon form:

0 1 2 -1 11 1 1 1 1 1
11111H012—111(<_))
2 1 -1 4 0 2 1 -1 4 o \nTm
1 -1 2 2 1 -1 1 -2 2
11 1 1 1
. 0 1 2 =1 11 | (rf=r3—2r)
0 -1 -3 2 —2| (Fh=ri—r)
[0 -2 0 -3 1
11 1 1 17
_ 01 2 -1 11 (rf =r3+13)
00 —1 1 9| (rhy=rs+2m)
|00 4 -5 23|
1.1 1 1 1]
01 2 —1 11 ,
— loo 21 1 of ra=ratdr)
|00 o -1 59|

By back substitution x4 = —59, x5 = —68, o = 88, z; = 40.

12.8. After interchanging rows 1 and 3 (to cover the possibility that a may be zero), the augmented
matrix is

4 1 -2 2 4 1 -2 2 (= o — 1r1)
7 l—a 3 =2 =z
VDT T Lk oE ok | Ghem- e
e -1 21 e s
(401 -2 2
- | 0§ 5 3 (ri =71+ 7(a+4)r2)
0 0 16=¢® 13-2a
L 7 7

Row 3 is inconsistent if ¢ = 4. If a is not equal to either of these values then the solution is

3 ~ 2(a+1)(a—5) 272(1—13
Tata YT T @216 0 fT e2—16
12.9. The method of Section 12.3 should be used. The inverses are
(2) 1 1
1 g 1
AU
oo 8
108 18 108
(b) . X
1 9 -1
& 1 7
1%
25 5 25



01 -1 0
-1 4 —4 2

01 -1 1

03 05

(d) ) _
1 -1 000 0

0 1000 0

0 0100 0

0 0010 0

0 000 1 -1

0 0000 1]

(e) ) _
1 0 0 00

-1 1 0 00

0 -1 1 00

0 0 -1 10

. 0 0 0 -1 1

12.10. A matrix A is singular if det A = 0. For the matrix

1010 1
01010
A=|10 1 0 1],
01010
10101

rows 1 and 3 have the same elements. Hence det A = 0 (Section 8.2) and the matrix is singular.

12.11. We need to find the points of intersection every set of three planes chosen from

Figure 6: Problem 12.11

6 — 3y — =z = -3

2r — y + 5z = 15
y + 2z = 1

20 + y - z = 1

This is equivalent to solving 4 sets of linear equations, which can be solved either by elimination
or by row operations. The 4 sets of solutions are

(-1,-2,3), (1,2,3), (0,1,0), (2,-1,2),

which are the vertices of the tetrahedron. The tetrahedron is shown in the Figure 6.
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12.12. The equations of the straight lines PA, PB, PC' are:
x—3 y—2 z-—2

2 1 =
r—3 y—2 z—-2
2 2 T
r—3 y—2 z-2
= = = V.
1 1 1

The lines PA, PB, PC meet the plane z = 0 where \ = —%, w= —%, v = —3. Hence the corners
of the triangle projected on to the plane z = 0 are

(05%5%)7 (05_17%)7 (07_1a_1)

The lines PA, PB, PC meet the plane y = 0 where A = —2, = —1, v = —2. Hence the corners
of the triangle projected on to the plane y = 0 are

(-1,0,0), (1,0,1), (1,0,0).

The lines meet the plane z = 0 where A = —2, y = —2, v = —2. Hence the corners of the triangle
projected on to the plane z = 0 are

(*1,0,0), (7177270)7 (17070)

12.13. The parabola y = o + Bz + y2? passes through the points (x1,y1), (z2,2), (73,y3) if
solutions of
a+ Bry + 1t =y,

a + By + 5 = Y2,
a + Brs + 3 = ys,
for a, B, v can be found. Leaving aside existence of solutions for the moment, elimination or row
reduction gives
_ xow3yi (T3 — @2) + x3w1y2(T1 — 23) + T172Yy3(T2 — 71)
(z2 — z3) (23 — 21)(21 — 72)

)

(53— o) + (e~ 53) + (0} — )
(22 — 3)(x3 — 1) (x1 — 22) ’

_ y1(x2 — x3) + y2(xs — 1) + y3(z1 — 22)
K (332 - 3?3)(333 - 1‘1)(331 - 332) ’

There are various exceptional cases. For example if 21 = x4 and y; # y» then there are no solutions.
A similar result holds for the other pairs of x’s.

12.14. The augmented matrix for

r + y + z = 4
T -y + z = 2,
2 4+ y — Az = W
is
1 1 1 4 11 1 4 ] (= 15— 1)
1 -1 1 2| - |0 -2 0 —2 (’"2,__” -
2 1 -\ p 0 -1 —A-2 p—g | V3TN
[1 1 1 4 ]
- |0 =2 0 -2 | (ry=r3—3ry)
[0 0 —A—2 pu—7




(a) There is just one solution if A # —2.
(b) No solutions if A = —2 and pu # 7.
(¢) An infinite set of solutions if A = —2 and p = 7.

12.15. The augmented matrix is

3

111 11 (1 = 19 — 73)
351 -1 — [0 2 -2 -10 (%:2_3)
120 0 001 -1 -3 3TN
11 1 3]
— 0 2 -2 -10
10 0 0 2 |
By row 3 the equations are inconsistent.
(b) The augmented matrix is
0 1 11 11 2 3
1 123 = [0 1 1 1] (rner)
1 -1 0 1 |1 -1 0 1
[ 1 1 2
— 0 1 1 1| (rf=rg—r1)
|0 -2 -2 -2
(11 2 2
— 01 11
10 0 0 0

The equations are consistent with solution z = A\, y=1—-X\, x =2 — \.

(¢) The augmented matrix is

1 2 1 4 1 2 1 4
11 0 -1 — 0 -1 -1 -5 (rh=ro—11)
3 4 -1 12 | 0 -2 -4 0 |
1 2 1 4
— 0 -1 -1 =5 (rf=r3—2ry)
10 0 =2 10 |
There is a unique solution given by z = =5, y = 10, z = —11.
12.16. The determinant simplifies to
1-k 2 -1 4—k 4—-k —4+k
A= 2 1-k -1 = 2 1-k -1 (ri=r1+ry—13)
-1 -1 2-k -1 -1 2—k
0 0 -1 ;L
- @-k| 1 &k 1 |lazata)

1-k 1-k 2—-k&
= A-Kk)E-1)(1+k)

Hence the determinant is zero when k = —1,1,4.
The equations
1-kzx + 2y — z = 0
2t + (1-k)y - z = 0
- - y + (2-kz = 0
have non-trivial solutions (that is, not all zero) ,if and only if, A =0, that is, if k= -1, k=1, or

k= 4.
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Case k = —1. The equations are

2 + 2y — =z = 0
2¢ + 2y — =z = 0.
- — y + 3z = 0

The solution isx =\, y = -\, z = 0.
Case k = 1. the equations are

+ 2y — 2z =0
2¢ + -z = 0.
- - y + z =0
The solution is x = A\, y = A\, z = 2.
Case k = 4.
-3z + 2y — 2z =0
2c + -3y — =z = 0
- - y — 2z =0
The solutions is x = =\, y = =\, z = .
12.17. Simplifying the determinant:
a’+t ab cd
A= ab b2+t bc
ca bc A+t
1 1 1
= (t4+d®+02+)| ® b+t b2 (ry = ary + bry + cr3)
c? c? A+t
0 0 1 () = e1 — ¢s)
= (t+ad>+v*+c%0| 0 ¢t ¥ P
—t —t 24t (ch =c2—c3)

= t*(t+a®+bv*+?).

The equations

1+t + 2y + 3z = 0
2+ (A+ty + 6z = 0
3r + 6y + (O+t)z = 0

have non-trivial solutions, if and only if,

3 6 9+t
Put a =1, b =2, and ¢ = 3 in the first determinant above. Then
A=t t+12+22+3%) =3(t+14) =0

when ¢t =0 or t = —14.

Case t = 0. The equations are

lx + 2y + 32z = 0
2r 4+ 4y 4+ 6z = 0.
3x + 6y + 92z = 0

There is effectively just one equation, so the solution will contain two parameters:
rT=-2u—3\Yy=pu, 2=\
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Case t = —14. The equations become

13z + 2y + 3z = 0
2c — 10y + 6z = 0
3r + 6y — bz = 0

The solution is x = %)\, y= %)\, z= A

12.18. The equations have non-trivial solutions if, and only if,

k4 -1 3 k+6 4 -1 3
4 k -1 3 k+6 k -1 3 ,
4 -1 k3] = |kte -1 k 3| (@Taftetate)
4 -1 3 k k+6 -1 3 k
1 4 -1 3
1 k -1 3
= B0 p o
1 -1 3 k
= (k+6)(k+1)(k—3)(k—4)=0,
after further row operations. The equations have non-trivial solutions if k = —6,—1,3, or 4.

12.19. The augmented matrix is

123 0 4 1 2 3 0 4 ,
238 -1 2| — |0 -1 2 -1 12| te=r2=2n)
2 54 1 5 0 1 2 1 3| =)
(1 2 0
— 0 -1 2 -1 12 (ry =713 +12)
0 00 0 9

By row 3 the equations are inconsistent.

12.20. Denote the matrices by A and B respectively. By row operations reduce A to the identity
matrix I3, and then perform the same operations on I5. Thus

1 A0 100 ,
A=lo 1 a|l=]o 1 o] a=ra=Ar)
00 1 0 0 1| m=r1=An)
whilst
1 0 1 —A A2
001 0| — [0 1 -a| (2=razin)
0 1 0 o0 1| =ri—An)
Similarly
1 00
Blt=| - 10
-1
Let A =3 and p = 4. Then
13 3 0
4 13 3 | =AB
0 4 1
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Using the inverse formula (AB)~! = B~1A™1

1 X X,
AB) = |0 1 —a| (m=ramAn

0 0 1 (rf =11 — Ara)
[ 1 0 0]

= — 1 0

2 _

B
1 -3 9

= | -4 13 -39
| 16 -52 157

12.21. Denote the determinant by A. Then

1 1 1 1 0 0
A= a? b? c? = a? b —a® 2 —a?
alb+c¢) blc+a) cla+d) alb+c) cb—a) blc—a)
(a3 =c2—c1),(cs =c3—c1)
B a+b c+a
= —(a=0b)(c—a) c b

= —(b—c)(c—a)la—>b)(a+b+c).

The equations have non-trivial solutions if, and only if, A = 0. From the expansion above this
occursif b=c,orc=a,ora=bora+b+c=0.
Case a + b+ ¢ = 0. The equations can be expressed as

r+a’y — b’z =0,
z+ by —a’z =0,
4+ (a+0b)*y — (a+b)?2=0.

The solution is

12.22. Write the equations as
T = %(—3?2 — X3+ 5),
zo = +(2x3 — x4 +6),

z3 = 1(—x1 + 234 + 1),

Ty = (22 + 223 — 2).
Start with the values xgo) =0, méo) =0, xgo) = 0 and xflo) = 0, and compute xgl),xél)@él), -
in sequence, but update variables at the first opportunity. For example, xﬁ” = % from the first
computation and this value should replace a:go in the equation for xgl). The first two iterations
and the final numerical solutions are shown in the table:

ry 1.6667 1.3611 ... 1.3981
r2 1.0000 1.1181 ... 1.0900
rg -0.0833 -0.2661 ... -0.2844
zq -0.2917 -0.3385 ... -0.3697

The matrix of coefficients in the equations is

3 1 1 0
0 6 -2 3
1 0 4 =2
01 2 -4
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The system is diagonally dominant since 3 > 1+ 1 = 2 in the first row, 6 > | — 2| + 3 = 5 in the
second row, 4 > 1+ | — 2| = 3 in the third row, and | — 4| > 1 + 2 = 3 in the fourth row.

12.23. The matrix of coefficients is

1 -2 1
1 -1 -1
2 3 —4

Looking at the diagonal elements, 1 < | — 2| +1 = 3 in the first row, | - 1] < 1+ | -1 =21in
the second row, | — 4] < 2+ 3 = 5 so that the system of equations is not diagonally dominant. In

this case the Gauss-Seidel scheme may or may not converge. Let xgo) =0, xéo) =0, xéo) = 0. The
equations can be written as

T1 = 215 + x3 + 4.
To =21 —x3 — 1.
r3 = i(2$1 + 3xo — 4).
As the following table indicates, the sequences do not converge.

71 4 675 475 2
o 3 25 05 0
z3 325 4.25 10

However, the equations do have the unique solution x = 0.45, y = —0.55, z = 0.75 found by
elimination.

12.24. The matrix of coefficients is

= W o
— N =
> = =

Row 2 fails the dominant diagonal test.
The equations can be written as

z1 = $(z2 — w3+ 2),
To = %(—31’1 — X3+ 1),
T3 = i(—xl + x9 +5).

Let :Ego) =0, x(20) =0, xgo) = 1. Then the table shows the convergence of the Gauss-Seidel scheme:

rp  0.1667  0.1007 ...  0.1000
z2 -0.2500 -0.2240 ... -0.2333
rs 1.1458  1.1688 ... 1.1667

12.25. Equations (12.7)-(12.9) are

x1 = §(—wg — 23 — 1),

zy = +(v1 — w3 —8),
Tr3 = %(72.%1 — T9 — 14)
Let xéo) =0, x:go) = 0. Using the Jacobi scheme we have to specify additionally :EEO). We have

chosen, for comparison purposes, wgo) = —% which is the first value 33:([1).

r1 -0.3333  1.2500  0.8889
ro -2.0833 -1.4167 -1.1250
x3 -2.2500 -2.2500  3.0167

This table can be compared with the one following eqn (12.12).
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Chapter 13: Eigenvalues and eigenvectors

13.1. (a) The eigenvalues are given by

2—-A 3
4 6— A

‘:(2—/\)(6—/\)—12:/\()\—8):0.

Hence the eigenvalues are \; = 0, Ay = 8.
The eigenvector s; is given by [A — A\;Ia]s; =0, (1 = 1,2). If

then, in this example,
2 3 ap . 0 or 2@1 + 3(12 =0
4 6 by 10 4a1 +6as =0 °

A particular convenient solution is
o — 3

o — 1
2= 9 |-
(b) The eigenvalues and eigenvectors of

6 3 -3 1
z4|:2 7]are)\14, )\2:9, Sl|: 2:| SQ|:1:|.

(¢) The eigenvalues and eigenvectors of

Similarly, we can choose

A:{i é] are \] =4 —2v2, Xy =4+ 22,

Sl:[—l;\/ﬁy 52:[—1;\/5}

(d) The eigenvalues and eigenvectors of

A:[le é} are Ay =3 —2v2, X\ =342,

o[ 757]

) e[

(e) The eigenvalues and eigenvectors of

A:{li ?} are Ay = 3 —4v2, Ao =3+ 4V2,

o [2] e [21]

(f) The eigenvalues and eigenvectors of

2 =2 . .
A:{4 G]are)\1:4—21, Ao =4+ 2i,
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13.2. The eigenvalues of

are given by the equation

a— A b
b c— A

‘Oor)\z(a+c))\+acb20.

Hence
A= H(at o) £ Vi@ — o) + 47},

Since (a — ¢)? + 4b®> > 0, both eigenvalues are real.
3
7

A:[g
3|

are \; = 4 and Ay = 9. The inverse of A is
’:0, or 36p® —13u+1=0, or (4 —1)(9u — 1) = 0.

13.3. The eigenvalues of

ol

sel-=gl~

The eigenvalues of this matrix are given by

6—p 3
2 T—pu

Hence the eigenvalues are p = i =1/A; and pg = % = 1/X2. The eigenvalues of the inverse of a

matrix are their reciprocals of the eigenvalues of the matrix.
The square of A is
42— { 42 39 } '

26 55
Its eigenvalues are A} = 16 and \3 = 81.

13.4. (a) The eigenvalues of

1 1 2
A=11 2 1
2 1 1
are given by
1—A 1 2
I 2=X 1 [==X4+4 32+ X-4=—-A+1A-1)(A—4).
2 1 1-—A
Hence the eigenvalues are Ay = —1, Ao = 1, A3 = 4.

The eigenvector s; associated with the eigenvalue \;, (i = 1,2,3) is given by any non-zero
solution of

Thus s; = [a; by ¢1]7 satisfies
2 1 2 ai 2a1 + b1 +2c, =0
1 3 1 by =0, or a1 +3by+c¢1 =0
2 1 2 Cc1 2a1 + by +2¢; = 0.
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The general solution is

—k -1
ST = 0 | : a convenient choice is s; = 0
k 1

Eigenvectors associated with Ay and A3 are

1 1
So = -2 5 S3 = 1
1 1
(b) Eigenvalues and eigenvectors are
-2 1 1
)\1 = 0, )\2 = 1, )\3 = 5, S1 = -2 So = -3 S3 — 1
3 1 1
(c) Eigenvalues and eigenvectors are
0 1 0
)\1 = —2, )\2 = 2, )\3 = 3, S1 = -1 So = 0 S3 = 2
2 0 1
(d) Eigenvalues and eigenvectors are
-1 -1 1
)\1 = 1, )\2 = 1, /\3 = 167 S1 = 0 S9 = 1 S3 = 1
1 0 1

13.5. The eigenvalues are given by the solutions of

120 0
g (2) g (1) =AM 1220232 = (A + D)(A+2)(A—4)2 =0.
001 3

Hence the eigenvalues are
Ar=-1, X2=2, M\3=4 (repeated).

The corresponding eigenvectors are

-1 0 0 2

51 = ! ) S2 = 0 ) S3 = 0 ) Sq4 = 3
0 -1 1 0

0 1 1 0

Note that two independent eigenvectors are associated with the repeated eigenvalue A3 = 4, since

-3 2 0 0 as
3 -2 0 O bs

A-Xslss=1 o 1 1] |70
0 0 1 -1 ds
where s3 = [a3 b3 c3 d3]”. The linear equations become
—3(13 + 2b3 = 07
3(13 — 2b3 = 07
—c3+d3 =0,
C3 — d3 =0.
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The general solution contains two parameters, say « and § such that
az=2a, b3=3a, c3=p0, d3=p.

We can obtain two independent eigenvectors, one with § = 0 and a = 1, and one with a = 0 and
B =1, which accounts for s3 and s4 above.
Note the relation between the eigenvalues of A and the eigenvalues of the two 2 x 2 submatrices

1 2 3 1
3 2|’ 1 3|
13.6. The eigenvalues are given by
1-—A 0 0

0 2-X 2| =-X4+82-13\+6=—-(\—1)*A—6)=0.
0 2 3

Hence the eigenvalues are \; = 1 (repeated) and A3 = 6. The eigenvector s; = [a1, by c1]7 satisfies

a1

0 0 0
01 2|6 |=0 or 2?12?;8.
0 2 4 cl ! !
The general solution can be expressed in terms of two parameters: a; = «, by = =20, ¢; = ( so
that
«
S1 = —25

B

We can associate two independent eigenvectors with A, one with a = 1, § = 0, and one with
a =0, f = 1. Hence, three independent eigenvectors are

0 1 0
S1 = -2 , Sg = 0 , 83 = 1 s
1 0 2

where s3 is the eigenvector associated with As.

13.7. The eigenvalues of A are given by

“1-x -1 a+1
a+1l —a—-X -1 |=- XM+ (2a+1)A+2a*+5a+2)=0.
—a a+1l —a—\

Hence A as a zero eigenvalue. A second solution must be A = 3 which means that a must satisfy

9+3(2a+1)+2a* +5a+2=0, or 2a®> + 1la+ 14 = 0, or (2a + 7)(a +2) = 0.

The solutions are a = —2 and a = —%.
Case a = —2. det A = \2(3 — )\). The third eigenvalue is a repeated \ = 0.

Case a = —%. det A = —A(X — 3)%. The third eigenvalue is a repeated \ = 3.
13.8. The eigenvalues of A occur where Ax = Ax has non-trivial solutions. Since A% = A,

Ax = Ax = A%x = Mx = Mx = Mx = \2x = \x.

Therefore
AA—-1Dx =0,

which will only have non-trivial solutions for x if A =0 or A = 1.
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A is idempotent since

1 0o 0] [1 o0 o0
A2=]10 3 6| =0 3 6]|=A
0 -1 -2 0 -1 -2

The matrices A and A? have the same eigenvalues 0,1, 1. The corresponding eigenvectors of both
A and A? are

0 0 1

-2 |, -3 1, 0

1 1 0

13.9. Check that )

1 1 1 1
111 1 -1 -1

2 _ = _

A T4l 1 -1 1 -1 =L

1 -1 -1 1

Multiply Ax = Ax on the left by A:
A’x = MAx = \’x.

Since A% =14, it follows that
Lix = A%x, or (A2 —1)x = 0.

Non-trivial solutions for x only exist if (A2 — 1) = 0, or A = 1. The eigenvectors are

_ o0 O
4]
w
|

O = O =
wn
Ny
|

—1
1

51 = 1 , S22 =
1

Since A has 4 independent eigenvectors it can be diagonalized.

13.10. The eigenvalues of
1 21
A=12 1 1
1 1 2
are A\ = —1, A =1, A3 = 4. Check that

traceA:1+1+2:4:)\1+)\2+)\3,

and that
det A= —4= )\1/\2/\3.

13.11. The determinant

is zero, which means that the vectors are linearly dependent.

13.12. Use the method explained in Section 13.4. The eigenvalues and eigenvectors of

—4 1 -2
A= 2 =2 1
0 1 0
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are

7 -1 —1
)\1 = —5, )\2 = —1, )\3 = 0, S1 = -5 5 S9 -1 5 S3 = 0
1 1 2
Form the matrix
7T -1 -1
C:[Sl Sa Sg]: -5 -1 0
1 1 2
Next find the inverse of C:
1 2 -1 1
c!= 5 | ~10 -5 =5
4 8 12
Now evaluate the product C~*AC:
1 2 -1 1 —4 1 -2 7 -1 -1
ctACc = 50 -10 —15 -5 2 -2 1 -5 -1 0
4 8 12 0 1 0 1 1 2

-5 0 0
0 -1 0|,
0 00

which is a diagonal matrix of eigenvalues of A.

13.13. The eigenvalues and eigenvectors of

are
M=-3, =5, slz[‘ﬂ, SQ_H}
Let
-2 2
C:[Sl SQ]:|: 1 1:|
Then

Confirm that
clAc = { B

PN
B[O |~

a diagonal matrix of the eigenvalues.

13.14. The eigenvalues of A are given by

2-X2 0 0
0 2-X 2 = - N3N+ -12=-A+2)(A-2)(A—3) =0.
0 2 —1-A

Hence the eigenvalues are
AM=-2, XA=2, A3=3.

The corresponding eigenvectors are

0 1 0
s;=| =11, so=|01], ss=1| 2
2 0 1
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Let

0 1 0
C:[S1S2S3}: -1 0 2
2 01
Its inverse is
10—12
0*1_55 0 0
0 2 1
Then
0 -1 2 2 0 0 0 1 0
ct'Aac = |5 00 02 2 -1 0 2
0 2 1 0 2 -1 2 01
-2 0 0
= 0 2 0|=D
0 0 3

13.15. Use results outlined in Problem 8.15. Take determinants of both sides of C~1AC = D:
det[C™'AC] = det D, or det C~'det Adet C = det D,

or (1/det C)det Adet C = det D.
Hence det A = det D: the result follows, since

det D = AAa... Ay

13.16. The eigenvalues and eigenvectors of

ri1 1 1
t 11
A=| 5 7 =
O
L4 2 2
are _ 1A
1 1 -1 —3 1
>\1_777>\2:77>\3:13S17 1 ’ S2 = ) ) S3 = 1
| 0 1] 1
Let _
-1 =11 _1 19
_ _ 1 S I R G
C’f[sl So Sg]— 1 5 1 |,sothat C7° = 3 303
0 1 1 | 3 3 3
Let D be the diagonal matrix of eigenvalues:
-1 00
D=| 0 % 0
0 0 1
Then, by Section 13.5,
A" = CDnc—l
[ -1 -1 1 (=" 0 -+ 10
= | v -1 o by of|-f f
| 0 11 0 0o 1 3 3 3
[ % - %[1 + 3(=1)")2-21 % + %[1 —3(=1)"J2- 21 %(1 —47)
= 3+ g[11— 3(-1m272mt S+ §[11+ 3(—1)n)2-2n-1 51(1 —24*")
| (1 —47") 3(1—47m) s+3547"
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Therefore

n 1
A —)§

— = =
— =
— = =

as n — 00, since 27271 - 0and 4" — 0.
13.17. A matrix A is orthogonal if A” = A~!. In this example

1

1 0 0 - 1 0 0
A'=10 cosa sina =] 0 cosa sina | =AT,
0 sina cosa 0 sina cosa

and so A is orthogonal. Expanding X = Ax:
X =2 Y =ycosa, Z=zsina,
or, inverting,
r=X, y=Ycosa, z=-Ysina+ Zcosa.

The z and X axes remain coincident and the OXY Z coordinate frame is rotated about the x axis
through an angle « relative to the Ozyz frame. The points on the z axis are unaffected by the
rotation.

13.18. The matrix is orthogonal since

1

1 -1 1 -1 1] 1 1 1 1
1({1 -1 -1 1 1 -1 -1 1 1
-1 _ + _ = _ T
A_211—1—1 21—1—11A'
1 1 1 1 -1 1 -1 1
13.19. The matrix
cosa —sina
sina  cos«

is orthogonal, which implies that the X and Y axes are orthogonal. Expanding
X =zcosa—ysina, Y =zsina+ycosa,
or, inverting,
r=Xcosa+Ysina, y=-Xsina+Y cosa.

A sketch of the axes drawn from these relations shows that « is the angle between the x axis
and the X axis. The z axis becomes the line Y cosa = X sin «, and the y axis becomes the line
Y sina = —X cosa.

13.20. The eigenvalues are given by

—A a b
—a -\ ¢ | =2\ +ad®>+b?+A).
-b —c A

Hence the eigenvalues are
M =0, A=—y[-a*>—b—c?, I3=[-a*—b*—c?.

The two eigenvalues Ay and A3 are imaginary assuming that a, b and ¢ are not all zero.

13.21. Given

— = o
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then

1—) 2 1
det(A — \5) = 2 1-Xx 1
1 12—
= 1=N[A=XN2=XN—=1-222-)N)—-1+[2—-1—=)\)]
N AN 4N -4

The required powers of A are

6 5 5 21 22 21
A’=15 6 5 |, A3 =AA%=| 22 21 21
5 5 6 21 21 22
Hence
21 22 21 6 5 5
AP 4A?P+A—41; = —| 22 21 21 [ +4]|5 6 5
21 21 22 5 5 6
1 2 1 1 0 0
+12 1 1|—-4]0 1 0
1 1 2 0 0 1

= 0
Mutiply both sides of this equation by A~

—ATTAR FAA AP ATTA —4AT = A 4A T+ A = 0.

Therefore
! -1 3 -1
A_lzl[_A2+4A+I3]:Z 3 -1 -1
-1 -1 3

13.22. The eigenvalues and eigenvectors of

5 -1 =3 3
-1 5 3 =3

are

-1 0 1 1

1 0 1 —1

St1=1 1| S2=| 1| S3% o |’ Sa =1 _4
1 1 0 1

The matrix has 4 independent eigenvectors even though there is a repeated eigenvalue. Let

-1 0 1 1 -1 1 -1 1
- 1 01 — g1 0 0 2 2
C=1_1 10 1 |™C =71 2 2 ¢ 0
1 1 0 1 1 -1 -1 1
We can then check that
00 0 O
1 10 4 0 O
¢ AC= 0 0 4 0
0 0 0 12



Since A has a zero eigenvalue, det A = 0.

13.23. Let x = [z =2 z3]7T.
(a) In matrix form

1 2 =2
z% + x% + l’g +4dx129 — 42123 + 4023 = x7 2 1 2 | x
-2 2 1
The eigenvalues and eigenvectors of A are
1 -1 1
)\1:—37 )\2:)\3:3, S1 = -1 , S = 0 , S3 = 1
1 1 0
The required matrix
1 -1 1
C = [ S1 Sg S3 ] = -1 0 1
1 1 0
(b) In matrix form
o 1 -1
_ —xr| 1 5 1
T1T2 — T1T3 + ToT3 = X 0 5 | x
_i 1 0
2 2
The eigenvalues and eigenvectors of A are
1 1 -1 1
/\1:—1, )\2:/\3257 S1 = -1 , S92 = 0 S3 = 1
1 1 0
The required matrix is
1 -1 1
C = [ S1 Sg S3 ] = -1 0 1
1 10

13.24. Express each quadratic form as x” Ax and find the eigenvalues of A. Then the quadratic
form is positive-definite if, and only if, all its eigenvalues are positive (Section 13.7).
(a) In matrix form

423 + 23 — dxyw9 = X7 [ _;1 _? }x.

4 -2
A

and its eigenvalues are 0 and 5. Therefore the quadratic form is not positive-definite.

Hence

(b) In matrix form

1 2 1
x%—&—x%+2$§+x2x3+2x3x1+4m1$2:xT 2 1 1 (x
1 1 2
Hence
1 2 1
A=12 1 1|,
1 1 2

and its eigenvalues are —1,1,4. Since it has a negative eigenvalue, the quadratic form is not
positive-definite.
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(¢) In matrix form

2 2 T
6] + 25 — 37 =X

N O O

o N O

O ONI=
»

Its eigenvalues are 2 and %\/ [6 + v/37]. One eigenvalue is negative so that the quadratic form is
not positive-definite.

13.25. The equations of motion can be obtained as in Section 13.8 but with three particles. As in
a generalization of Fig. 13.2, the first spring has extension x and tension —kx, the second extension
y — 2 and tension k(y — z), the third extension z — y and tension k(z —y) and the fourth extension
—z and tension —kz. Applying Newton’s law to each particle:

mi = —kx + k(y — z) = k(—2z +y),

mij = —k(y —x) + k(z —y) = k(z - 2y + 2),
mzZ=—k(z—y) —kz =k(y — 22).

Let
T k 2 -1 0
x=|y |, A=—| -1 2 -1
z mloo0 -1 2

Then the equations of motion can be expressed in the matrix form
X+ Ax =0.
The eigenvalues and eigenvectors of A are

A= 2k/m, e =[2— V2k/m, Ao =[2+ 2)k/m.

-1 1 1
S1 = 0 s So = \/2 N S3 = —\/2
1 1 1
Let
-1 1 1
C: [ S1 S9 S3 ] = 0 \/2 —\/2
1 1 1

Introduce the normal coordinates X = [X Y Z]T where

-X+Y+Z
x=CX=| 2Y —/2Z
X+Y+Z

The equations of motion become
CX+ACX =0or X + DX =0,
where
i 2 0 0

C'AC=D=—|0 2—/2 0
Lo 0 2442

13.26. Calculating A% and A3:

010 0 0 1
A2=10 0 1| =1 0 0], A*=A4A4%=1;.
1 00 010
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Therefore
A= APA=A, A5 =A34%= 42

and, in general,
A3 =T, AT = A APTE = A2 (m=1,2,3,...).

The eigenvalues and eigenvectors of A are

1 1
M=1 do=g(-1- iV3), A\3= (-1 +iv/3),

1 —1(1+iv3) ~1(1-1v3)
si=| 1|, so=| -21-1V3) |, s3=| -2(1+iV3)
1 1 1
Let
1 -31+ivE) —11-iv)
C=[s1 s s3]=|1 —3(1-iV3) —3(1+iV3)
1 1 1

Its inverse is given by
2 2 2

071:% —14ivV3 —-1—-iv3 2
“1-iV3 —1+v3 2
By (13.5)
A" = cDp"C!
1 —la+iv3) 11 -iv3) 1 0 0 '
= |1 —la-w3) —fa+wd | |0 (b3 0
1 1 1 0 0 —(_1)%n

) 2 2 2
x= | —1+iv3 —1—-ivV3 2
6 —1-iv3 —-14++v3 2

Is n=3m

A n=3m+1

A2 n=3m+2

where m =1,2,3,....

13.27. Multiply S on the right by A:

S = A + AP4...4 A"
SA = A2+---+An+An_1’

and take the difference S — S A, so that
S—SA=A—A"""1 or S(I3 — A) = A(I3 — A™).

Therefore
S = A3 — A™)(I3 — A)~ %

The method fails if I3 — A is a singular matrix, which is equivalent to A having a unit eigenvalue.
The eigenvalues and eigenvectors of

N
I
| —
N —

N
[ I
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are

Fhen 1 1] 3(=1)m 422l 3(—-1)" 4+ 3 x 4"
AT =CDTCT =< [ —2(=1)" 4 227F1 2(—1)" 4 3 x 4" }
Finally
11
oot =[ g T
so that

S = A(ly—A™)(Iy — At

113 5—3(-1)" =22+l 3(—1)" — 3 x 4" % -3
T o512 2 2(—1)" — 22n+L 5—2(—1)" =3 x4" -3 0
_ L 5=3(=-1)"~ 22ntl _27[(—1)" — 4]
30 —8[(— )n _ 4n] 0 .
13.28. As in Example 13.5, the eigenvalues of
1 2 1
A=12 1 1
1 1 2
are
AM=—4, =1 A3=-1
We now choose different eigenvectors (compare Example 13.5):
2 -1 -3
S1 = 2 ; So = -1 y S3 = 3
2 2 0
Let
2 -1 -3
C:[Sl So Sg]: 2 -1 3
2 2 0
Its inverse is
1 11
S N
R
6 6
We can now check that
% % % 1 2 1 2 -1 -3 4 0 0
C‘lAC:—§—§§ 2 1 1 2 -1 3|=|01 0
-5 s O 11 2 2 2 0 0 0 -1

The problem illustrates the point that the choice of eigenvectors and consequently the choice of C
does not affect the matrix C~1AC" it always equals D.

13.29. The remaining 3 x 3 minors of

1 2 3 4
A=1]10 11 12 5 |,
9 8 7 6
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are

1 2 3 1 3 4 2 3 4
10 11 12 | =0, 10 12 5 | =-160, 11 12 5 | = —80.
9 8 7 9 7 6 8§ 7 6

The matrix has 18 (2 x 2) minors. Their values are:
with elements from rows 1 and 2: —9, —18, —35, —9, —34, —33;
with elements from rows 1 and 3: —10, —20, —30, —10, —20, —10;
with elements from rows 2 and 3: —19, —38,15, —19, 26, 37.

13.30. (a) Let
1 2 3
A=13 4 5
6 7 8
Then det A = 0 which means that rank A < 3. However, the 2 x 2 minor

1 2
120
Therefore the rank of A is 2.
(b) Let
3 2 1
A=11 2 3
2 1 3

In this case det A = 12, which means that the matrix is non-singular and has rank 3.
(c¢) The matrix

1 2 3 2
A=|1 3 4 5
2 3 5 1
is of rank 2.

13.31. Apply row operations to the matrix in Problem 13.30c:

1 2 3 2 1 2 3 2 , )
1345 - |o 1 1 3| ‘2rhrrh
2 3 5 1 0 -1 —1 —g | (m=rs—2r1)
[1 2 3 2
— 01 1 3| (rh=r3+r2)
|00 00

In echelon form the matrix has one row of zeros which means that its rank is 2.

13.32. The eigenvalues of

12 -1
A=11 2 -1
2 2 -1

are A\; = 0 and the repeated eigenvalue Ay = 1. The rank of A\I3 — A; is 2, and the rank of
Aol3 — Aj is also 2.
The eigenvalues of

3 0 -1
As=1]0 1 0
2 0 0

are \3 = 2 and the repeated eigenvalue \y = 1. The rank of A3l3 — A5 is 2, but the rank of
M3 — Ag is 1. The vector space associated with this eigenvalue is 2, which means that we can
define two independent eigenvalues.
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The eigenvalues of

2 1 00
0 -1 0 2
A= 0 01 0
0 0 2 1

are Ay = —1, A2 = 1 (repeated), A3 = 2. The rank of A is 4 (since det A # 0). The ranks of
Al — A and A3l4 — A are both 3. The rank of A\oIs — A is 3. Hence in this problem we can find
only three independent eigenvectors, which can be expressed as

S1 = So = S3 =

oo o+

-1 -1
3 1
0|’ 0|’
0 0
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