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Solutions for Chapter 15

Section 15.2

1. Given the power series f(X)=a,+ax+ a2X2 + -+, use equation (15.9) to find the coefficient c,

of B (x) in the expansion (15.3) of f(X) in Legendre polynomials.

+

3 +1 1 » 3 © +1
Wehave ¢ == xY ax dx==>a | x"'dx
2 -1 1=0 2|:0 -1
+1 142 M
J. X|+l dX — X
-1 |+2
3

G 3{%+?+—

3
R() f(X)dX=EI

-1

0 if | is even

Now

if | is odd

B4
21 +3

9)

1=0

Therefore

(i) Find the first three terms of the expansion of the function
0 if
f(x)= {
X

if
(Figure 1) in Legendre polynomials.

+1
-1<x<0

Figure 1
0<x<l

—1 0]

(if) Sketch graphs of the one-term, two-term, and three-term representations of f(x).

(i) Let f(x)= iq R (x) . Then
1=0

_2l+1 21+1

C|_

+1
I R () f(x)dx =
1

R (x) xdx

J-+l
0

Using the Legendre polynomials listed in equations (15.4), we have

1 +1 1 3 +1 1 5 +1
co=—j xdx =—, 01:—'[ xXdx=—, ¢, ==
2J, 4 2), 2 2),

Therefore

l(3x2—1)xo|x=i
2 16

1 1 5
f(X)=—PF,+=PR+—PR, +--
()= R+ R+=P

1 1 1 1 I X 1 1 5 3 x 15
fix)==PR=—; ,(X)=—P+=R=—+—; f;(X)=—R+-R+—P =—+—+—
1() 4 0 4 2() 4 0 2 1 4 2 3() 4 0 2 1 2 30 2 32

(ii) T

Figure 2

+1F

2

f3(l’)

© E Steiner 2008
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Section 15.3

3. Show that the coefficient of P,(x) in the expansion el = Z ¢ R (x) is ¢, =3ij;(t) where

1=0
. 1(sint
t)=—| ———cost|.
h® t(t j

If e =>"¢R(x)
1=0
+1
then ¢ = 2! j P (x)e™ dx
20y

o it |1 i i 1! i
and c -3 I xe'™ dx = > X _lJ' o gyl =3 xe ™
2 Ja 2 it i)y 2 it | i2¢2
{l[eit+e—it:|+L|:eit_e—it:|}
m =

! 1 ..
=3iy—sint—-cost ;=3I j,(t
{tz t } Jl( )

N | W

where, by Example 13.12 and equations (13.59), j;(t) is the spherical Bessel function of order 1

4. Expand in terms of Legendre polynomials (i) costx, (ii) sintx .

By equation (15.23),

e™ = costx +isintx = D@+ 'jiORX)

1=0
=Y @+Di'iORM+ Y @ +Di' jiORX)
1=0 1=1
(even) (odd)

Therefore

(M) costx = i @1+ Di' jiORX) = jo(OP () =5, (P () +9 4 (P () — -+
1=0
(even)

(i) sintx =% > @+ DI jiOR ) =3;ORX) -7 5O (x) +11j5 P (x) -
I=1
(odd)
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Solutions for Chapter 15 4

5. Find the first nonzero term in the expansion in powers of 1/R

of the potential at point P for the system of three charges shown

in Figure 3.

Figure 3

By equations (15.28) to (15.30),

I & Q
V = 4”8 R|+1
0 1=0

where, for the system of three charges,
N
Q=29 =0-20+q=0
i=1

N
Q :Zqiri cos &, =(qrcosd—-2qx0+qrcos(n+6)=0
i=1

N
Q=) qirﬁ%@ cos® 6 —1) =qr? x%(?ﬁcosz 0-1)-2qx0+qr? x%(3cosz(n+6’)—1)

i=1

=qr’(3cos’6-1)

2
Therefore V = Q T+ = ar 3(300520—1)+---
4reyR 4rze,R

6. For the square system of five charges in Figure 4, show I
that the leading term in the expansion in powers of 1/R of
the electrostatic potential at P (in the plane of the square) is & ta .
vV =qr? / 4me,R?, independent of orientation. = : *
+q
Figure 4

+q

The system of 5 charges in Figure 15.18 can be considered as a combination of two systems of
three charges of the type considered in Exercise 5, Figure 15.17, with orientations & and 6+mx/2 .
Then Q=0

Q1 =0

Q, =qr*(3cos® O—1)+qr*(3cos’ (@ +m/2)—1)

=qr? [3(cos2 0 +sin* ) — 2} =qr? (cos(6+m/2) = sin O)

2

Therefore V = ar T+
4R
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Solutions for Chapter 15 5

Section 15.4

7. Confirm the relations (i) (15.33), (ii) (15.34) and (iii) (15.36).

+7
(M J. sinmxsinnxdx=0, m=n
-T

. . 1
We have sin mx sin Nx = E[COS(m —n)x—cos(m+ n)x)]

+n

Therefore j

-7

+7
sinmx sin nxdx = %I [ cos(m—n)x —cos(m+n)x) |dx

(integral 4 in Table 6.1)

. . +
_ | sin(m-n)x sin(m+n)x "
m-n m+n

-7
But sin px =0 when p is an integer.

+n

Therefore J sinmx sinnxdx =0

+n
(ii) I cos mx sin nxdx =0, all m,n

cosmx is an even function of X, sinnx is an odd function of X . The product cos mx sin nx

is therefore odd, and the integral is zero.

+n
(iii) j sin NX sin Nx dx =7 if n>0
=T

We have sin” nx = %(l —cos2nXx)

+n +n

sin® nxdx = %J‘ (1—cos 2nx) dx

-7

Therefore I

-

+1
= {X —ZLsin 2nx} =7 (integral 2 in Table 6.1)
n

-7
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8. A periodic function with period 27 is defined by

1 if ~Tox<X
f(x) = 2 2
. T
0 if —<|X|<=m
2
(i) Draw the graph of the function in the interval —3x < x < 37. (ii) Find the Fourier series of the

function [Hint: f(X) is an even function of X]. (iii) Use the series to show that

% =1 —§+ % - %+ [Hint: substitute a suitable value for X in the series].
(i) Figure 5 f(@)
1
| | T

—-r —7/2 0 /2 v

(if) The Fourier series (15.37) is

f(x) :@+Z(an cos NX -+, sin nx)

n=1

In the present case, f(X) is an even function in the interval —n < X <t and only the even

trigonometric functions cosnx contribute (all b, =0):

o0
f(x)= Ll + Z a, cos Nx (Fourier cosine series)
n=1

2 n/2
We have aoz—I dx =1

T Jo
1" 2 n/2
and an:_'[ f(X)cosnXdX=—'[ cos nx dx
T —r T 0
0 if n even
2| sin nx /2
:—{ } =1{ 2/nn if n=1,5,9...
T n
-2/nmif n=3,7,11...
Then f(x)=l+z cosx_cos3x+0055x_cos7x+m
2 7w 1 3 5 7
(iii) Put x=0
Then f(0)=1:l+E 1—l+l—l+---
2 n 3 5 7
and KL R S e
4 5 17
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Solutions for Chapter 15 7

9. A function with period 2=n is defined by
f(x)=x, —T<X<T
(i) Draw the graph of the function in the interval —37 < x < 3. (ii) Find the Fourier series of the
function. [Hint: f(X) is an odd function of X] (iii) Draw the graphs of the first four partial sums of

the series.

(i) Figure 6

(if) Function f(X) is an odd function in the interval —t < X <7 and only the odd

trigonometric functions sinnx contribute to the Fourier series (all a, =0):

0
f(x)= Z b, sin nx (Fourier sine series)
n=1

+m T
We have b, =1I f (X) sin nx dx:zj X sin nx dx
T T Jo

2 { Xcosnx}n 1J'+"
== +— cos nx dx

s n o nJo

2 { Xcosnx}n {sinnx}n ) +2/nif n odd
=3 + 3 =—=cosnm

g n 0 = Jo n -2/n if n even

sinX sin2X sin3x sin4x+ }

bt

Then f(x)=2 +
1 2 3 4

(iii) Figure 7 I N
7\ Ni@) “\ @)
77T /, 77‘— ,/,
,/ 0 m x // 0 ™ .
P (i) (if)
/, —TT /’ —m
f(z) f(z)
+7 - L +7 - .
S\ 5@ A \fi@)
-7 ¢ -7
// 0 ™ ¥ 4 0 ™ B
, (iii) ’ (iv)
I’ '-7T — 4 _71' —
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Solutions for Chapter 15 8

10. A function with period 2z is defined by
f(x)=x*, -n<x<nm
(i) Draw the graph of the function in the interval —37 < x < 3. (ii) Find the Fourier series of the

function. (iii) Use the series to show that

_i(—l)”+1 1,11
12 3 n? 4 9 16
(i) Figure 8
2
- N T T N AN i B
| | I i
| | I i
i | I i
| | | |
—3m 2 —T 0 ™ 2 3r

(if) Function f(X) is an even function in the interval —n < X <7 and only the even

trigonometric functions cosnx contribute:

1‘(X)=%+Z“an cos NX

n=1

n 2
Then a, =g'[ x2dx = 2

TJo

and, by parts (as in Example 6.11),

2 (" 4 —4/n® if n odd
a =—I X2 cosNX dX = — cos N7 =

2 .
0 n -1-4/n2 if n even

CoSX C€os2X cos3X cos4x }
— + — +...

2
s
Therefore f(x)=—"——-4
( ) 3 |: 12 22 32 42

2
1 1
i) Put x=m: f(m)=n" =——+4|1+—+—+--
(i) () 3 { oty }

2 0
b 1 1 1
—> 6—=1+—+—+"'= E -

22 32 S
2
T 1 1 1
Put x=0: f(0)=0="——4|1-—+———1...
2 ) n+l1
n 111 (1)
> oslet oo e= Y
12 22 3% 4 ~

© E Steiner 2008
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11. Show that the Fourier series of the periodic function defined by (see Figure 15.4)

sint if 0<t<nm f(z)
f(t)= :
0 if —t<t<0 +1

T
T 2 1l 13 3.5 5.7 -r 0 Sl

. 1 1. 2[c052t cosdt cos6t } L
s —+—sint—— + + +ee

Wehave  f(x)=224 D" (@, cos nx+by, sin nx)

n=l1

(@ n=0: aO:lI f(x)dx=lj sinxdx:g
T T

- 0 n

T .2 "
n=1: alzlj sianosde:{Sln X] =0
T Jo 2
0
n>1: an:lj smxoosnxdx——j [sm(n+l)x sin(n — l)X]dX
T Jo
_ 1 _cos(n+1)x+cos(n—l)x n_i —cos(n+1)x +1+cos(n—1)1t—1
2n n+1 n-1 0 2m n+1 n-1
0 if n odd [cos(nxD)m=1 if n odd]
2 if n even
(n-DH(n+)=m
1 ! 1
(b) n=1: =—| sin? XdX:— (1-cos2x) dx=—
T Jo 0 2
n>1: :lj sin X sin nXdX——j [cos(n Dx— cos(n+1)deX
T Jo
_ L |sin(h=Dx_sinM+DX | i n+1)m = sin0 = 0]
2n n-1 n+1 0
Therefore

f(X)——+—s1nX—£ Lcos2x+ ! cos4X+Lcos6X+
T 2 n|1-3 3.5 -
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Solutions for Chapter 15 10

12. A function with period 2l is defined by

fox) = x(I-x) if O<x<l
M= x1+%  if —1<x<0

(i) Draw the graph of the function in the interval —I < x <1I. (ii) Find the Fourier series of the

function.

(i) Figure 9 +12/4

T-12/4

(if) Function f(x) is an odd function in the interval —l < x < | and only the odd

trigonometric functions sinnzmx/l contribute to the Fourier series:
- . nmX
f(x):an sin —
n=1 |
Then (integrating by parts),

+
b, =1j f(%) sin$ dx

| , 0 if n even
2 . nmXx 4
:—I x(I—X)sdex =——(l-cosnm) = 8|2
I'Jo | n'n —— ifnodd
n°n

12| . ,
Therefore  F(X) = 8—3[sm—x + —smLX +—sin—
T 3 5
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Solutions for Chapter 15 11

13. A function with period 2l is defined by

Fox) = x(I-x) if 0<x<l
()= x(I+x) if -l<x<0

(i) Draw the graph of the function in the interval —I < x <|I. (ii) Find the Fourier series of the

function.

i) Figure 10
(i) kg oy

I 0 +
(ii) Function f(X) is an even function in the interval —l < x <| and

nmXxX

f(x):Eszan cos
2 = |

2 (" 12
Then aoz—j x(I=x)dx =—
and (integrating by parts),

|
2 nmX
a,==—] X(I-x)cos— dx
" I
0
41° .
2 -
> if n even
n’n’

(1+cosnm) = nm

0 if n odd

Therefore f(x)=6———2 +—C0s—— +—Cos——+ -+
T

12 arf o omx 1 dmx 1 6mX
221 21 ¢
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Section 15.5

14. Find the solution of the diffusion equation

2
a _poT
ot ox?

in the interval 0 < x <1 that satisfies the boundary conditions T (0,t) =T(l, t) =0 and initial

condition T (X, 0) = x(I - X), and that decreases exponentially with time (See Exercise 17 of

Chapter 14).

We consider the solution in 4 steps

(1

2

€)

“4)

)

Separation of variables:

Put T(x,t) = F(X)xG(t), substitute in the diffusion equation, divide by T = F xG . Then

2 2
dF_1d6 ¢, 9F ¢ ‘z—f —CDG

1
F dx*> DG dt dx?

Solution of the equation in X:

The boundary conditions T (0,t) =T(l,t) = 0 mean, for X, that F(0) = F(l) =0. These are the

boundary conditions for the particle in a box discussed in Section 12.6, and of the vibrating

string in Section 12.7. The allowed values of the separation constant are therefore

C, =-n’n? / I? and particular solutions are
. NmX
F,(X)= s1nT

Solution of the equation in t for each value of n:

dG n’n’D —n2n2Dt/12
— =- G > G (t)=e""
o 2 n(®)

The particular solution for each nis T,(X,t) = F,(X) G, (1) and the general solution that

satisfies the boundary conditions is

T(xH= iA]Fn(X)Gn(t) = iAn sin#efnzﬂzm/lz
n=1

n=1

The initial condition is T (X, 0) = X(I —X) . Then
Tx0)=Y A, sin$ —x(1-x)
n=1

. . . . 817 & 1 . nmx

By Exercise 12 above, the Fourier series for x(I —x) is — —sin—
[ I

odd

—~
=
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0 if n even

Then T(X,0)=x(l-x) when = 2
0=x ) A % if n odd

n'm

and the particular solution of the diffusion equation that satisfies both boundary and initial

conditions is

NTX _n2-2pt/|2
en7tDt/|

817 & 1
TX,t)=— —sin
T nZ::l n’ |

(odd)

Section 15.6

13

Find the Fourier transform:

1, if a<x<b )
15. f(x)= 1 < A Figure 11
0, otherwise
a b
+00
We have g(y) = % J‘ f(x)e™ dx
T o
—b . )
:LJAbe_iXy dX:L _ie_iXy ' :M
Var Nam| by |, iNamy
16. fx)=e ¥ (@>0)
g 0 )
Wehave e = x> Figure 12
e x<0

l +00 .
Therefore  g(y) =—— f(x)e™ dx
N2n I -0

o0 . 0 .
I g e dx+j e®e™ dx
0 —00

Replacement of X by —X in the second integral gives

1

1 * : . 1 © . )
gy)=—=— [e_aXE"Xy + e‘axe“xy] X = —— [e—(aﬂy)x + e—(a—ly)x:| dx
V21 IO 27w

0

~ 1 _e—(a+iy)x_e—(a—iy)x OO_ 1 1 . 1
C2n|  a+iy a-iy | 2n|a+iy a-iy

0
_\ﬁ a
- - a2+y2
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14

17. Show that the Fourier transform of &2 (@a>0) is

L g V42 (see Figure 15.14b)

J2a

. . i o f
Hint : change variable tot = \/EX + y and use J- e o’ dt = E]
» a

2/a -

~+00
We have g(y)= % J‘ e ™™ dx
T J-o

Let t:\/5x+L — dt=+adx.
2/a
y2
Then t? =ax? +ixy —2—
4a

2 2 2
e—t — ey /4a Xe—ax e—lxy

e 2
and g(y) =
JJ2ma
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