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Solutions for Chapter 16 2

Section 16.2

1. The position vectors of the points A, B, C and D are a, b, ¢, and d. Express the following quantities
in terms of a, b, ¢, and d: (i) AB and BA , (ii) the position of the centroid of the points, (iii) the

position of the midpoint of BC , (iv) the position of an arbitrary point on the line BC (the equation

of the line).

() AB=b-a, BA=a-b

(if) the mean position of the four points is %(a +b+c+d)

(iii) the mean position of b and c is l(b +c)

A
D
(iv) b+ABC =b+A(c—b), all A Figure 1 a \’d

Section 16.3

2. Two sides of the triangle ABC are AB = (2,1,-1) and AC = (3,2,0). Find BC

BC=AC-AB=(3,2,0)—(2,1,-1)= (1, 1, 1) Figure 2 ‘ 50

—
AC

Find (i) the vector a = (&, a,, &;) with the given initial point P(X;, ¥;, z;) and terminal point

Q(X5, Y5, Z,) , (ii) the length of a, (iii) the unit vector parallel to a .

3. P(1,-2,0), Q(4,2,0)
(i) a=PQ=(4,20)—(,-20)=3,4,0)
(i) |a|=v3*+4>+0=5

(i) a =|%=%(3, 4,0)=(3/5,4/5,0)

4. P(3,2,1), Q(-1,-3,2)

(i) a=PQ=(-1,-3,2)—(-3,2,1)=(2,-5,1)

(i) |a|=v4+25+1=+/30

(iii) azﬁzﬁ(z,—s, 1) = (2/430, - 5/30, 1/+/30)

© E Steiner 2008




Solutions for Chapter 16

5. P(0,0,0), Q(2,3,1)
(i) a=PQ=(231)

(i) |a|=vA+9+1=+14

(iii) @ =%:ﬁ(z, 3,1) = (2/N14, 3/\14,1/414)

For a=(1,2,3), b=(-2,3,-4), ¢=(0,4,-1), find

6. a+b, b+a
a+b=(1,2,3)+(-2,3,-4) =(-1,5-1)=b+a
7. 3a, —a, a/3
30=31,2,3)=(3,6,9), —a=-(1,2,3)=(-1,-2,-3), a/3=(1/3,2/3,1)
8. 3a+2b-3c
3a+2b-3c=(3,6,9)+ (4, 6,-8)— (0,12,-3) = (-1, 0, 4)
9. 3a-3c, 3(a—c)
3a—c)=3a-3c=(3,69-(0,12,-3) = (3,-6,12)
10. |a+b|, |a|+|b|
By Exercise 6, a+b=(-1,5,-1) — |a+b|=1+25+1=~27

and la|=V1+4+9 =14, |b|=4+9+16 =+29
— la|+|b|=+14+29

11. Three masses, m; =2, m, =3, m; =1, have position vectors n =(3,-2,1), r, =(2,-1,0),
r, =(0,1,-2), respectively. Find (i) the position vector of the centre of mass, (ii) the position

vectors of the masses with respect to the centre of mass.

(i) By equation (16.12), the centre of mass is

1

1
R= m[za, -2,1)+3(2,-1,0)+(0,1,-2)] = £02,-6,0)=(2,-1,0)

(ii) n-R=(3,-2,)-(2,-1,0)=(1,-1,1)
rn,-R=(2,-1,0)-(2,-1,0)=(0,0,0)
rn—R=(0,1,-2)-(2,-1,0)=(-2, 2,-2)
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12. Three charges, 0, =3, g, =—2, 0; =1 , have position vectors 1 =(2,2,1), r, =(2,-2,3),
r, =(0,—4,-3), respectively. Find (i) the dipole moment of the system of charges with respect to

the origin, (ii) the position of the point with respect to which the dipole moment is zero.

Q) #0)=3n-2r+r,=3(2,2,1)-2(2,-2,3)+(0,-4,-3) =(2,6,-6)

(if) By equation (16.16), the dipole moment with respect to R is
H(R)=pu(0)-QR where Q=3-2+1=2 is the total charge. Then
H(R)=0 when u(0)=QR

- R= %(2’ 6’ _6) = (193’ _3)

13. Forces are said to be in equilibrium if the total force is zero. Find f'such that f, f, =2i—-3j+k and

f> =2j—k are in equilibrium.

f+f+f,=0 when f=—(f, +f2)=—[(2i—3j+k)+(2j—k)]

=2i+j

14. For the vectors @ =2i— j+3k,b=2j—2k,c=—k, find (i) x =2a+b+4c, (ii) a vector

perpendicular to ¢ and x, (iii) a vector perpendicular to b and c .

() x=2a+b+4c=2Q2i—j+3k)+(2j-2k)+4(~-k) — x=4i

(if) Vector c lies along z-direction, vector x along the x-direction. Therefore any vector along the

y-direction is perpendicular c and x: — Aj, where A is arbitrary.

(iii) Vector b lies in the yz-plane, vector ¢ along the z-direction. Therefore a vector along the

x-direction is perpendicularto band ¢: — Ai .

Section 16.4

Differentiate with respect to t.

15. 2ti+3t%j
O s el s 0 . (0 2. 4. .
—(2ti+3t7j)=| =2t [i+| =3t =2i+6t
o b)) [& j (a j/ J
16. (cos2t,3sint, 2t)

%(cos 2t, 3sint, 2t) = (% (cos2t), %(3 sint), %(20) =(-2sin2t, 3cost, 2)
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17. A body of mass m moves along the curve r(t) = x(t)i + y(t)j, where X =at and y = (at —% gt?)

at time t. (i) Find the velocity and acceleration at time t. (ii) Find the force acting on the body.

Describe the motion of the body (iii) in the x-direction, (iv) in the y-direction, (V) overall.

We have r(t)=x@)i+ y()j

=ati +(at—1gt*)j

Then

. or ov

I v=—=ai+(a-gt)j, =—=-0j
() oM (@a-gt)j, a oY
(i) F =-mgj

(iif) Motion along the x-direction is at constant speed v, = a, to the right (X increasing) if a >0,

to

the leftif a<O0.

(iv) Vertical motion (along the y-direction) is under the influence of gravity (F =—-mgj ). The
initial speed is vy (0) =a when y(0) = 0. The maximum height, when the vertical velocity is

zero, is given by

%za—gtzo when t=a/g — y(max)=a%/2g

(v) As illustrated in Figure 3 the motion of the body is parabolic with initial velocity

v(0) = ai + gj . This would be the motion of a projectile fired at angle of 45° to the horizontal
if there were no air resistance or of other forces acting on the body.

Y

y(max)r---/=
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18. A body of mass m moves along the curve r(t) = X(t)i + y(t)j + z(t)k , where X =2cos3t,
y =2sin3t and z =3t at time t. Find (i) the velocity and acceleration at time t, (ii) the force

acting on the body. Describe the motion of the body (iii) in the X- and y- directions, (iv) in the Xy-

plane, (V) in the z-direction, (Vi) overall.

We have r)=x@t)i + yt)j+ z(Hk
=2cos3ti +2sin3tj+3tk

Then
or . . ,
v :E: —6sin3ti +6c¢cos3tj+3k
(i) oo
a :E =—18cos3t i —18sin3tj = -9(Xi + Yj)
(ii) F =ma =-9m(xi + Vj)

(iii) The component of the force acting in the x-direction is F, =—-9mx and this is the equation of

motion of the harmonic oscillator, equation (12.29), with force constant k =9m :

The body therefore undergoes simple harmonic motion along the X-direction with frequency

1 [k 3

V=—rvon-— |—=—
2n \'m 2m
The body undergoes the same motion along the y-direction
(iv) The x- and y- coordinates of the body,

X=2cos3t, y=2sin3t

are parametric equation of the circle with radius 2 and centre at (X, y) = (0,0), on the z-axis

(see Example 9.13). The motion in the Xy-plane is therefore circular around the z-axis. The

body perform a complete revolution in time t = 27 /3. The frequency of circulation is

therefore v =3/2n (as in (iii) for each direction)
(v) The body moves in the positive z-direction with constant speed v, =3

(vi) The motion is circular in a plane, parallel to the Xy-plane, that moves at constant speed in the

z-direction. The resulting motion is around a right-handed helix as described in Example 10.13
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Section 16.5

For a=(1,3,-2), b=(0,3,1), c=(1,~1,-3), find:

19. a<b, b-a

a-b=(1,3,-2)-(0,3,1) =(1x0)+ (3x3) + (-2 x1)
=7=b-a

20. (a—b)+c, a-c—b-c
(a-b)-c=[(1,3,-2)-(0,3,D]-(1,-1,-3) = (1,0,-3)- (1,-1,-3) =1+0+9 =10
a-c-b-c=(1,3,-2)-(1,-1,-3)-(0,3,)-(1,-1,-3) =(1-3+6)-(0-3-3) =10

21. (a-c)b

(a-c)b= [(1,3,—2) . (1,—1,—3)] x(0,3,1) =4x(0,3,1) =(0,12,4)

22. Show that @ =(1,2,3), b=(0,-3,2) and ¢ =(-13, 2, 3) are orthogonal vectors.

a-b=(1,2,3)-(0,-3,2)=0-6+6=0
b-c=(0,-3,2)-(~13,2,3)=0-6+6=0
coa=(-13,2,3)-(1,2,3)=-13+4+9=0

23. Find the value of A for which a =(4, 3,1) and b=(2, 1, —1) are orthogonal.

a-b=(1,3,1)-(2,1,-1) =24+3-1
=0 when A=-1

Fora=i, b=j, c=2i-3j+k, find

24. a-b=i-j=0
25. bec=j-Q2i-3j+k)=0-3+0=-3

26. a-c=i-(2i-3j+k)=2+0+0=2
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27. Find the angles between the direction of @ =i —j + 2k and the x-, y-, and z- directions.

Let the angles be «, # and y , respectively. We need |a|=+1+1+2=2.

Then a-

~.

1
=la|cosa — 1=2cosa — cosazE - a=

a-j=la|cosf -> —1=2cosf — cosﬂz—% - f=

3 )
w|;‘ w|a

a‘k=a|cosy — \/§=2cosy — CoSsy =

1
— >
NG v

28. A body undergoes the displacement d under the influence of a force f =3i+2j . Calculate the
work done (i) by the force on the body when d =2i— j, (ii) by the body against the force when
d =i-3k , (iii) by the body against the force when d =2k .

(i) W=fd=0Gi+2j)-i-j)=6-2=4
(ii) W =—fd=—3i+2j)-(i—3k)=-3

(i) W=—f-d=-3i+2j)-2k)=0

29. A body undergoes a displacement from # = (0, 0, 0) to r, =(2, 3,1) under the influence of the
conservative force F =Xi+2Yj+3zk . (i) Calculate the work W (1, - r,) done on the body. (ii)
Find the potential-energy function V (r) of which the components of the force are (—) the partial

derivatives. (iii) Confirm that W(r, »> )=V (n)-V(#,) .

(i) The work done by a conservative force is independent of the path.The contribution of the

three components of force are then additive:

W(r >n)=| |Fd+ Fydy+ F,dz |
JC

X2 Y2 Z
= dex+j Fydy+I F, dz
Z

X Yi

) 3 1 3 25
Therefore W(r, —>r)= de+2-[ ydy+3j ZdZ:2+9+5:7

J0 0 0
() Fox=-2, F ooy oY
OX oy oz
- V——%xz—y2 2 +C
iii Vin)-V(r,)=|C|-|2-9-—=+C|=—
(iii) () ("2)[]{ 2}2
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30. Calculate the energy of interaction between the system of charges 9, =2, ¢, =-3 and g; =1 at
positions 1, =(3,-2,1), r, =(0,1,2) and 1, = (0, 2,1), respectively, and the applied electric field

E=-2k.

The energy of interaction is

V=-p-E=2yp
where M, =012 + 0,2, + 0323, =2-6+1=-3

Then V =—6, independent of choice of origin for the neutral system.

Section 16.6

For a=(1,3,-2), b=(0,3,1), ¢=(0,-1,2), find:

31l. axb, bxa
axb=(1,3,-2)x(0,3,1)
=i[3x1=(=2)x3 ]+ j[ (-2)x0—1x1]+ k[ 1x3-0x3]
=9i—j+3k

bxa=—axb=-9i+j-3k

32. bxc, |bxc|

bxc=(0,3,1)x(0,-1,2)
=i[3x2-1x(=1) |+ j[1x0-2x0]+ k[ 0x (~1)~0x3]
=7i

|bxc|=7

33. (a+b)xc, axc+bxc

(@a+b)yxc=(1,6,-1)x(0,-1,2)
=i[6x2—(=D)x(=D) ]+ j[ (-Dx0—-1x2 ]+ k[1x(-1)=6x0]
=11i-2j—k

We have axc=(1,3,-2)x(0,-1,2)
=i[3x2-(-2)x(-D) ]+ j[ (-2 x0—-1x2 ]+ k[ 1x(-1)=3x0
=4i-2j—k

and, from Exercise 32
bxc=7i

Therefore axc+bxc=11i-2j—-k
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34, axc+cxa

cxa=—axc — axc+cxa=0
35. (axc)-b

From Exercise 33, axc=4i-2j-k
Therefore (axc)-b=(4i-2j-k)-3j+k)=0-6-1=-7

36. ax(bxc), (axb)xc

From Exercise 32, bxc=7i
Therefore ax(bxc)=(i+3j-2k)x(7i)=-14j-21k
From Exercise 31, axb =9i — j+3k

Therefore (axb)xc=(9—j+3k)x(—j+2k)=i—18j 9%

10

37. Show that a xb is orthogonal to @ and b.

By Equation (16.52)
axb =(aybz _azby)i+ (a;b, —ayb,)j+ (abe - aybx)k

Therefore (axb)-a=(ayb,—a,b )a, +(a,b, —a,b,)a, +(asb, —a,by)a,
= a byl — B + by - abd) + b - ayba, =0

and similarly for (axb)-b

38. The quantity a+(bxc) is called a triple scalar product. Show that

a, a, a,
(i) a-(bxc)=c-(axb)y=b-(cxa) (i) a<(bxc)=|b, by b, (determinant)
c ¢ G
We have bxc=(b,c,—b,c )i+ (b,c,—bec,)j+ (b, —Dbc)k

() Therefore a-(bxc)=a,(b,c,—b,c,) +a,(b,c,—b,c,) +a, (b,c,—byc,)

= [axby ¢, +cayb,+b,ca, J —[axcybZ +bsa,c, +cxbyazJ

The triple scalar product is invariant under a cyclic permutation of the symbols @, b, ¢. Thus,

if (a,b,c) — (c,a,b) then
c-(axb)=(a,b, —a,b))c, +(a,b,—a,b,)c, +(asb, —a,by)c,

= [axby ¢, +cayb,+b,ca, ] - [ax ¢,b,+bsac, +cxbyaz}

and similarly for b-(c x a)
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(if) By equations (16.52) and (16.53), and the discussion of determinants in Chapter 7, the vector

product b x ¢ can be written in the form of a determinant,

i j ok
bxc=|b, b b |=i(bc,-b,cy)+ j(bc,—bec,) + k(bcy —byc,)
¢, ¢ ¢

The triple scalar product a « (b x ¢) is obtained by replacing the vectors i, j, k by the

corresponding components a,, a,, a, :

x> Yy
a, a, a
a-(bxc)=\b, b, b =a,(byc,-b,c))+ayb,c —Dbc,)+a, b, -byc)
¢, ¢ G

39. The quantity a x (bx¢) is called a triple vector product.

(i) By expanding in terms of components, show that ax (bx ¢) =(a + c)b—(a « b)c

(if) Confirm this formula for the vectors a = (1, 3, —2), b =(0, 3,1), ¢ = (0, -1, 2).

(i) Let bxc=i(b,c,-b,c ) + j(b,c,—bec,) + k(bec, —Dbyc,)
=d =id, + jd, +kd,
Then
ax(bxc)=i(a,d, —a,dy) + j(a,d, —a,d,) + k(a,d, —a,d,)

:i[ay(bxcy—bycx)—az(bzcx—bxcz)]
+j[az(bycZ —bzcy)—ax(bxcy—bycx)]
+ k[ax(bzcx—bxcz)—ay(bycz—bzcy)J

=i(a,c, +a,c, +3a,¢,)b, —i(ach, +a,by +a,b,)c,
+j(asc, +ayc, +a,¢,)by — j(asb, +a b, +a, b, )c,
+k(a,c, +a,c, +a, c,)b, —k(a,b, +a b, +a,b,)c,

= (a.Cx +a,¢, +a, ¢, )(ib + jb, +kb,)
—(a,b +a,b, +a, b, )(ic, + je, +kc,)

=(a-c)b—(a-b)c

(i) From Exercise 36, ax(bxc)=—-14j-21k

Also a-c=-7, a-b=7 — (a-c)b—(a-b)c=-7b+c)

=-14j+21k
Therefore
ax(bxc)=(a+c)b—(a-«b)c
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40.

Find the area of the parallelogram whose vertices (in the Xy-plane) have coordinates (1, 2), (4,3),

8,6), (5,95).

If A, B, C, and D are the points (1,2), (4,3), (5,5), and (8, 6), respectively, in the xy-plane,

then, as in Figure 4,
AB=(3,1)=a, AC=(4,3)=h, BD=(4,3)=h,and CD=(3,1)=a

Then axb=Gi+j)x(4i+3j)=5k

and the area of the parallelogram ABCD is Figure 4

laxb|=5

41.

The force F acts on a line through the point A. Find the moment of the force about the point O for
(I) F = (19 _37 O) s A(Z’ 15 0) s 0(07 0’ 0) (“) F = (07 l’ _1) > A(la 19 0) > O(la 0’ 2)
(”I) F = (1’ 09 _2) s A(O’ 09 0) s O(l, 09 3)

(M)

In each case, let r = EX}

Figure 5 r A

r=(2,1,0) and F =(1,-3,0) both lie in the Xy-plane, and the torque
rxF=[2x(-3)-1x1]k =Tk

lies along the z-direction.

(i) »=(1,1,00—-(1,0,2) =(0,1,-2) and F =(0,1,—1) lie in the yz-plane, and
rxF=[Ix(-)=(-2)x1]i=i

lies along the X-direction

(i) r=(0,0,0)—(1,0,3)=(-1,0,-3) and F =(1,0,—2) lie in the xz-plane, and

rxF=[(=3)x)—(-1)x(-2) ] j=-5]

lies along the y-direction
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42.

Calculate the torque experienced by the system of charges 0, =2, g, =-3 and ¢; =1 at

positions 1 =(3,-2,1), r, =(0,1,2) and r; = (0, 2, 1), respectively, in the electric field E =—k .

The dipole moment of the neutral system is
u= Z g =23,-2,1)-3(0,1,2)+(0, 2, 1)
| =6i—5j-3k
and the torque acting on the system in the presence of electric field E =—k is

T=uxE=—(6i-5j-3k)xk=5i+6]

43.

A charge q moving with velocity v in the presence of an electric field E and a magnetic field B

experiences a total force F = q(E + v x B) called the Lorentz force. Calculate the force acting on
the charge g =3 moving with velocity v = (2, 3,1) in the presence of the electric field E =2i

and magnetic field B =3j .

F=q(E +vxB)=3[(2i)+(2i+3j+k)x(3))]

=-3i+18k

44,

Use the property of the triple vector product (Exercise 39) to derive equation (16.60) from
equations (16.58) and (16.59).

Equation (16.59) for angular momentum is

I=rxp=mrxv
and equation (16.58) for velocity is
V=OXF
Therefore I=rxp=mrx(@xr).
This is triple vector product and, by Exercise 39, ax (b x c¢) =(a « ¢)b—(a  b)c . Therefore
I=mrx(@xr)=m(r-r)@—m(r-o)r
=mr’w-m(r-o)r

and this is equation (16.60)

© E Steiner 2008




Solutions for Chapter 16 14

45,

The position of a particle of mass m moving in a circle of radius R about the z-axis with angular

speed wis given by the vector function r(t) = x(t)i + y(t)j + zk where X(t) =R cos ot ,
y(t) = Rsin wt, z =constant . (i) What is the angular velocity @ about the z-axis? (ii) Find the

velocity v of the particle in terms of @, X, y, and z. (iii) Find the angular momentum of the particle

in terms of , X, Y, and z. (iv) Confirm equation (16.60) in this case

Q) o = ok

(i) v:%:%i+z—¥j+%k:—a)Rsina)ti+a)Rcosa)tj
=—wYi+owXj
(iii) I=rxp=m(Xi+Yj+z2k)x(—oyi+ X j)
= ma)[(x2 +y* )k —xzi— yzj}
(iv) We have, from (iii),
I= ma)[(x2 +y*+ 2 k—xzi— yzj—zsz
= ma;[r2 k—z(xi+yj+ zk)] =mr’ew-m(zo)r
=mr’w—-m(r- o)r

which is equation (16.60).

46.

For the system in Exercise 45, show that / = le when z =0, where | is the moment of inertia

about the axis of rotation.

From (iii) in Exercise 45,
1= ma)[(x2 +y) k—xzi— yzj}
— 2 2 —
=m(X"+y )wk when z=0
But | =m(x* +y?) is the moment of inertia with respect to the axis of rotation.

Therefore I=lw.
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47. The total angular momentum of a system of particles is the sum of the angular momenta of the
individual particles. If the system in Exercise 45 is replaced by a system of two particles of mass m
with positions # = X(t)i + y(t)j + zk and r, =—Xx(t)i — y(t)j + zk , find the total angular
momentum [/ =1/, +1, , and show that / = lo where | is the total moment of inertia about the axis
of rotation. This example demonstrates that / = lo when the axis of rotation is an axis of

symmetry of the system.

From (iii) in Exercise 45,

I = mco[(x2 + yz)k—xzi—ysz
I=1+1,=2m(x* +y ok = lo
I, = mco[(x2 +yHOk+xzi+yzj

where | = 2m(x2 + y2) is the moment of inertia of the system of two particles.

Section 16.8

Find the gradient Vf for

48. f =2x>+3y?-7°

vie| 20,9, (2x* +3y* —z2%) =4xi+6yj— 27k
ox oy oz

49. f =xy+zx+yz
VXY +2X+Y2) =(Y+ 2)i+(X+ 2)j+(X+ Y)k
50. f=(x>+y>+2%)"?

We have (;i = —x(x> +y> + 222
X

and similarly for the other partial derivatives. Then

VOC+y2+28) 72 = (P +y? +22) P (i + yj + 2k)
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Section 16.9

Find div v and curl v for

We have divv=V-.v

ov
= ii+ij+ik -(vxi+vyj+vzk):%+—y+%
ox oy 0z ox oy oz

curlv=Vxv
B R PO U [P R
oy oz oz OX ox oy

51. v=Xi+Vyj+zk

divo= ii+£j+£k «(Xi+ Yj+ zk)
ox oy oz

= %+ﬂ+g =1+1+1=3
ox oy oz

SRVRPANN (i) PN L R AP
Cur](x,+y]+zk)—(ay 62]1+(az 6xj]+(ax ayjk 0

52. v=1zi+X+VYk

div (zi+ X + Yk) = @+%+@ =0
oXx oy oz

oo (o ax). (o &y, (x a
Cuﬂ(Zl+XJ+yk)_(ay azler(@z 6’X]]+(5X aka

=i+j+k
53. v =yzi+ ¥+ xyk

%4_%4_%:0

div (yzi + zxj + Xyk) =

v (yzi + 2% + Xyk) x oy a

curl (yzi + 2%j + xyk) = Xy o i+(%_@jj+ X _ Oy,
oy oz 0z oX ox oy

=(x=x)i+(y-y)j+(z-2)k=0
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54. Show that curl v=0 if v=gradf .

We have v=gradf = fii+f j+fk

of of
Therefore  curlv= %——y i+ %—% Jj+ —y—% k
oy oz oz oX oXx oy

:(fyl_fZY)i+(fzx_fxz)j+(f fyx)k 0

55. Show that divev =0 if v=curl w.

ow 0
We have curl w = Ow, _ Oy i+ Owy _ 0w, j+ Wy Owy k
oy oz oz OX OX oy

e oS5 R

because all the third derivatives are equal.
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